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MATEMATICAL PHYSICS SOLUTIONS

GATE-2010
Q1. Consider an anti-symmetric tensor P; with indices i and j running from 1 to 5. The

number of independent components of the tensor is

@3 (b) 10 (©9 (d)6
Ans: (b)
Solution: The number of independent components of the tensor

= %(NZ —N)=%(25—5)=1O ~N=5
: e’ sin(z) . . 3
Q2.  The value of the mtegral:t?—zdz, where the contour C is the unit circle: |z - 2| =1,
C Z

IS

(@) 27i (b) 4ri (c) mi (d)o
Ans: (d)

e“sinz

Solution: Pole is atz =0, Circle|z=2 =1 = §C—2dz —27ix0=0.
zZ

2 3 0
Q3.  The eigenvalues of the matrix | 3 2 0| are
0 0 1
(@5,2,-2 (b)-5,-1,-1 ()51,-1 (d)-51,1

Ans: (c)

Solution: The characteristic equation of the matrix 4, |A - /11| =0

2—-A 3 0
=|d-al|=| 3 2-12 0 |=0=>2-51-1+5=0=>1=51-1
0 0 1-4
0 forx <3, .
Q4. If f(x)= then the Laplace transform of f{x) is
x—-3 forx=>3
(a) S—Zesx (b) SZesx (C) S—2 (d) S—Ze—sx
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Ans:  (d)

3

Solution: L{f(x)}= Te_”f(x)dx = J.e_”f(x)dx+ ]Ee_”f(x)dx = T(x —3)edx

0

L{f(x)}z(x—?;)e_ —jl-[e_ ]dx:O—EIe_”‘ dle{eﬁ } =5 e™

-8 3 3 ) A 3 S| —S 3

2
Q5.  The solution of the differential equation for y(¢): dtf —y=2cosh(f), subject to the
A . dy .
initial conditions y(0)=0 and—l =0, is
=0

(@) %cosh(t)ﬂsinh(t) (b) —sinh(z)+zcosh(r)
(c) zcosh(z) (d) £sinh(z)

Ans:  (d)
Solution: For CF (D? -1}y =0= m=#1=> C.F.=Ce' +C,e"

1 f e +e . &
P,1,=D2_1(Zcosht)=D2_12( > J:Dz_l(e )+

= y=Ce' +C,e”’ +%et —%e_’:>y(0):0:>C1+C2 =0

@ _ Ce' —Cye LN P

dt 2

& :O:>C1—C2+0+£+0—£=0:>C1—C2=0
dt| 2" 2

SinceC,+C,=0and C;,-C,=0=C, =0,C, =0.

Thus = y=éet —%e" = y=tsinht
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GATE-2011
Q6. Two matrices 4 and B are said to be similar if B = P'4P for some invertible matrix P.
Which of the following statements is NOT TRUE?

(@) Det4 = DetB (b) Trace of 4 = Trace of B
(c) 4 and B have the same eigenvectors (d) 4 and B have the same eigenvalues
Ans:  (c)

Solution: If 4 and P be square matrices of the same type and if P be invertible then matrices 4

and B = P AP have the same characteristic roots

Then B—AI = P AP~ P'IP = P™Y(4— AI )P where [ is identity matrix.

|B— Al =|P (4= A1)P| =|P~| 4~ a1|P| =|4 - A1|P7|P| = |4 - A1|PP~| = |4 Al

Thus the matrices 4 and B (= P4P) have the same characteristic equation and hence
characteristic roots of eigen values. Since the sum of the eigen values of a matrix and

product of eigen values of a matrix is equal to the determinant of matrix hence third

alternative is incorrect.

Q7. Ifaforce F is derivable from a potential function ¥(r), where r is the distance from the
origin of the coordinate system, it follows that
(@) VxF =0 (b) V-F=0 ©) VV=0 (d) V2V =0

Ans: (a)

Solution: Since F is derivative from potential ¥(r) and F = -V V'(r)

:%xf=—§x(§V)=0.

Q8. A 3x3 matrix has elements such that its trace is 11 and its determinant is 36. The
eigenvalues of the matrix are all known to be positive integers. The largest eigenvalues of
the matrix is
(a) 18 (b) 12 (©)9 (d)6

Ans:  (c)

Solution: We know that for any matrix

1. The product of eigenvalues is equal to determinant of that matrix.
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2. i+ s+ Az + e = Trace of matrix
M+ A+ A3 =11 and 44,43 =36. Hence the largest eigen value of the matrix is 9.
Q9.  The unit vector normal to the surface x* +? —z = 1 at the point P(1, 1, 1) is

i+j-k

3

2?+]A‘—1€

76

i+2i-k 21427k
trej—k (d) frej—k

() 7 3

(b) (©)

Ans:  (d)
Solution: The equation of the system is f(x,y,z)=(x? +y? —z—-1)=0
. L= O~ O~ 02rl,
The gradient of the above functionis Vf =| —i+—j+—k (x +y —z—1)
ox oy Oz

= 2xi + 2y]A'—lA

§f _ 2?+2]‘—l€

I

Q10. Consider a cylinder of height /# and radius a, closed at both ends, centered at the origin.

Hence unit normal vector at (1, 1, 1)

Let 7 =ix+ v+ kz be the position vector and » a unit vector normal to the surface. The

surface integral j; -nds over the closed surface of the cylinder is
S

z
A

Q y
X

(a) 27a® (a + h) (b) 37a’h (c) 2 ma*h (d) zero
Ans: (b)
Solution: §;ﬁds = J.(g;)dr = 3Id7 =3m’h

N V 4
Q11. The solutions to the differential equation Y__x are a family of
dx y+1

(@) circles with different radii

(b) circles with different centres
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(c) straight lines with different slopes
(d) straight lines with different intercepts on the y-axis
Ans: (a)

2 2
Solution: ﬂ:—i :>xdx+ydy+dy=0:>x—+y—+y:C1:>x2 +y°+2y=2C,
dx y+1 2 2

= (x-0 +(y+1 =2C, +1=C
which is family of circles with different radii.
Q12. Which of the following statements is TRUE for the function f{z)?
(@) f(z) is analytic everywhere in the complex plane
(b) z) hasazeroatz ==«
(c) flz) has apole of order 2 atz = =
(d) flz) has a simple pole atz = =

Ans:  (c)
Solution: Consider a function f(z)= (zsm ;2 of a complex variable z.
zZ =T
zsinz
f(z):( ~ hasa poleof order2at z=7
zZ—7

Q13. Consider a counterclockwise circular contour |z|=1 about the origin. The integral

§f(z)dz over this contour is

@) —ir (b) zero (c) in (d) 2ix
Ans: (b)
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GATE-2012

Q14. Identify the correct statement for the following vectors @ =3i +2j and b =i + 2

(a) The vectors @ and b are linearly independent
(b) The vectors G and & are linearly dependent
(c) The vectors G and 5 are orthogonal
(d) The vectors G and 5 are normalized
Ans: (a)
Solution: If G =3i +2j, b =i +2; are linearly dependent &+ mb =0, for some values of m but
3+m=0and 2 + 2m = 0 do not have any solution. So they are linearly independent.

a-b =0 (Not orthogonal); @xb =0 (Not normalized)
Q15. The number of independent components of the symmetric tensor A; with indices
i,j=123 s
(@)1 (b)3 (c) 6 (d)9
A, A, A
21 A22 A23

Ans:  (c) For symmetric tensor A. =4
A31 ASZ A33

q
A, =4y, Ay =4y, Ay = 4, , hence there are six independent components.

0 1 0
Q16. The eigenvalues of the matrix [1 0 1} are

0 1 0
@)o0,1,1 (b) 0,—/2,+/2
© -~ Lo (d) v2,42,0
2 ’ \/E H 1 1
Ans: (b)
-4 1 0
Solution: |[4-Al|=0=|1 -1 1 :O:—Z(ﬂz—l)+/1:0:/1:0,+\/_, -2
0 1 -2
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GATE-2013
Q17. If 4 and B are constant vectors, then 6(2-(Ex?)) is
(a) A-B (b) Ax B (c) 7 (d) zero
Ans:  (d)
Solution: Let A= A, (3 +7+2), B=B,(i+ 5 +2) and r=x% + yj + 2% .
Bx7 =3(z—)By — 3z - x)By + 2(y - x)B, = V(4 (B x 7)) =0.

16z

Q18. For the functionf(z):m,
z+ z—

the residue at the pole z=1 is (your answer

should be an integer)
Ans: 3

. . 1 @t | (z-1)'162
Solution: At z =1 pole is of order 2 so residue is S > | =3
[2=1dz"%| (z+3)(z-1)" | |

4 -1 -1
Q19. The degenerate eigenvalue of the matrix| —1 4 —1| is (your answer should be an
-1 -1 4
integer)
Ans: 2,55
/R - | 1 -1
-1 4-1 -1 |=>@l-1)|05-14 0 |=0@-1)5-1)"=0=>1=2,5,5.
-1 -1 4-1 0 0 5-2

Q20. The number of distinct ways of placing four indistinguishable balls into five
distinguishable boxes is
Ans: 120

Solution: [4x C3=120 ways
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GATE-2014
Q21. The unit vector perpendicular to the surface x* + y* + z* = 3at the point (1, 1, 1) is
X+y-z X-y-z X—-y+z X+y+z
@) —= (b)—=— ©)—= (d)—=—
B 3 B B
Ans:  (d)
Solution: Let f =x*+1?+2z2-3=0 = V[ =2xX+2yp + 222
.V 2X+2y+2z Xx+y+z
> n=——at 1 11 =
T A R - S
Q22. The matrix
111 1+i| .
A=— IS
Bl |
(a) orthogonal (b) symmetric (c) anti-symmetric ~ (d) Unitary
unitary
unitary A"4=1
Q23. The value of the integral
ZZ
:t; dz
ve +1
where Cis the circle |z| =4, is
(@) 2r7i (b) 27%i (c) 4% (d) 4%
Ans. (c)
Solution: Pole ¢* =-1
= ¢ =™ where m=0,1,2,3.....
2
Residue Res| = ¢,(Z) R
op(z) e
Similarly, z =—iz,Res = z°
s = 272'i(7Z'2 + 7[2) =47%
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dzy

t2

Q24. The solution of the differential equation

y(0)=1and y(x)=0 is
(@) cost+sint
(c) cost—sint
Ans:  (d)
Soluiton:
D*-1=0=D=+1= y(t)=ce +c,e”’
Applying boundary condition
y(0)=1=1=¢ +¢, and y(0)=0=0=¢e” +c,e™
=¢=0,c,=1
= y(t)=e" = y(t)=cosht—sinh¢
GATE-2015

Q25. Consider a complex function f(z)= L

(b) coshz +sinh¢

z
statements is correct?

() f(z)has simple poles at z=0and z = —%

(b) f(z)has second order pole at z = —%
(c) f(z)has infinite number of second order poles
(d) f(z)has all simple poles

Ans.: (b)

1

Z(z + ;j cos(zr)

Solution: f(z)=

For k" order pole
At z=0

z—a

Z(z + l) cos(zx)

~wlim(z—a)" f(z)=finite and = 0

y =0, subject to the boundary conditions

(d)cosh ¢—sinh¢

. Which one of the following
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lim zf (z) = finite z=0 is asimple pole.
At z= 1
2
GG
z+= z+=
I 2 . 2 . 1
im 1 = I|ml = I|mll -
H_zz(z+)C052ﬂ H_EZCOSZ% o .COSZi[+Z.7Z'(—SIn z7z)
= lim ! - :izgzﬁnite
H_% coszr—zzmSinze 7 1«
2
= f(z) has second order pole at z = —%
3
Q26. The value of jt25(3t — 6t is (upto one decimal place)
0

AnNS.: 1.33

3 3 3
Solution: [¢°5(3t—6)dt = [*6[3(¢—2)]dt = %Izzé'(t— 2)dt =g
0 0 0

Q27. If f(x)= ¢ and g(x)= |x|e"‘2 , then
(@) fand gare differentiable everywhere
(b) fis differentiable everywhere but g is not
(c) gis differentiable everywhere but £ is not
(d) gisdiscontinuous at x =0

Ans. (b)

Solution: f(x)=e™ is differentiable but g(x) =|x|e™" is not differentiable.

—xe_xz; x<0
g(X)={ )

xe* . x>0

2

.. . _ _ —(x—h)
Left hand Limit Ihlirgg(x—h)— (x—h)e

2
—(x+h)

: o ~ (
Right hand Limit |hIngg(x+h)—(x+h)e
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= limg(x—h)= Ligglg(x#—h)

h—0
Q28. Consider w= f(z)=u(x,y)+iv(x,y)to be an analytic function in a domain D. Which
one of the following options is NOT correct?
(a) u(x, y)satisfies Laplace equation in D

(b) v(x, y)satisfies Laplace equation in D

(c) j f(z)dzis dependent on the choice of the contour between z,and z,in D

(d) f(z)can be Taylor expended in D

Ans.: (c)

Solution: w= f(z) =u(x,y)+iv(x,y) to be an analytic function in a domain D, ij f(2)dz is
independent on the choice of the contour between z andz,in D.

+1 forz>0
Q29. The Heaviside function is defined as H(t):{ . for and its Fourier transform is
& <

given by — 2i/ . The Fourier transform of %[H(t+1/2)—H(t—l/2)] is

sin((;j cos[z)j
(@ ———= (b) ———=

@ @
2 2

. w
(c) sm(EJ (O
Ans.: (a)
Solution: H (f) = Th(r)e"'z”f’dt

e

For a function A(¢) , H(f)=
w

For h(t—t,), Fourier Transformis e " H ( f)

Shifting theorem
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Fori h(tﬂ-ij—h(t—ij =£ ez _¢'? _—Zl:i ez _e'? _—lei
2 2 2 2 o 2 @

2
Q30. A function y(z) satisfies the ordinary differential equation y"+§ '—%y=0, where

m=0,1, 2, 3,..... Consider the four statements P, Q, R, S as given below.

P: z" and z™ are linearly independent solutions for all values of m

Q: z™ and z™ are linearly independent solutions for all values of m >0

R: Inzand 1 are linearly independent solutions for m =0

S: z"and Inz are linearly independent solutions for all values of m

The correct option for the combination of valid statements is

@ P,Rand Sonly (b)PandR only (c) Q and R only (d) R and S only
Ans.: (c)

. 1 2
Solution: y”+—y'—m—2y=0:>Zzy"+zy'—m2y=0
A z

m:O,1,2,3,.... Z=ex' D:—
dx

Ifm=0; z°y"+z'=0

[D(D-1)+D]y=0=[D*-D+D|y=0=(D*~m*)y=0

y=¢ +6,x D=1m
y=c¢+clinz ce™ +c,e™
R is correct. c,e" +c e

orif m#0, m>0

y =¢ cosh(mlog(z))+ic,sinh(mlog(x)) =m>0
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GATE-2016

Q31. Consider the linear differential equation% =xy.If y=2 atx =0, then the value of y at
X

x =2 isgiven by
(@) e? (b) 2¢7? (c) & (d) 2¢?
Ans.: (d)
2
Solution: Y _ Xy :ldy =xdx =Iny =X flIne= y= ce” '
dx y 2

X212

If y=2 at x=0=>c¢c=2=y=2¢
The value of y at x =2 is given by y = 2¢°

Q32. Which of the following is an analytic function of z everywhere in the complex plane?
() 2* () (' © |- (@ =

Ans.: (a)

Solution: z* = (x+iy)2 =x* —y? +i(2xy) =u=x"-y* and v=2xy

Cauchy Riemann equations ou = v S A, _ —%u =2y satisfies.

ox Oy ox

Q33. The direction of V for a scalar field f(x,y,z)= %xz — Xy +%22 at the point P(1,1,2) is

(wb%@ (mh%@ @Q%Q @Q%@
5 5 5 5

Ans.: (b)

Solution: ﬁf:(xy)fx}JrZ;Q:,g:[Vf} _—Jj+2k

Q34. A periodic function f(x)of period 27 is defined in the interval (-7 < x < 7)

f(x):{_l’ -7<x<0

1, O<x<rm

The appropriate Fourier series expansion for f(x) is
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(@ £(x)= (%][sinx+(sin3x)/3+ (sin5x)/5+..]

(b) f(x)= [% lsin x — (sin 3x)/3+ (sin5x)/5—.]

() f(x):(% [cos x + (cos3x)/ 3+ (cos5x)/5+...]

(d) f(x):(% [cos x — (cos3x)/ 3+ (cos5x)/5-..]

Ans.: (a)

-1 —-7<x<0
1, O<x<rm

Solution: f(x):{

Let f(x)=a,+ i(an cos nx +b, sin nx)

n=1

1

7 T

=a, :EI—H f(x)dxzz—U_oﬁ(—l)der Oﬁ(l)clizzi

T

[, +[x]; |=0

This can also be seen without integration, since the area under the curve of f(x) between

-z to « is zero.
1 ¢n

va,= —I f(x)cos nxdx
72' -7

1

T v

=a,= —Uoﬁ(—l) cos nxdx+jo”(1) cos”xdx} :ilz_{sin nx

1= .
b =— d.
; ﬂj_”f(x)sm nxdx

=b =— :J'_Oﬂ(—l)sin nxdx + J.: (1)sin nxdx}

B 0 T n n
o, 2 oo )” _foosn] }ZEF‘(_—”‘(_—”
T n x n 0 T\ n n

[T

+1]=1F_ﬂ}
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If niseven b, =0 and If nis oddb, :i.
nrw

T

Thus Fourier seriesis  f'(x) :i[sin x+%sin 3x+%sin 5x+..1
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