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THERMODYNAMICS AND STATISTICAL PHYSICS SOLUTIONS

GATE 2010
Q1. A system of N non-interacting classical point particles is constrained to move on the two-

dimensional surface of a sphere. The internal energy of the system is

@) %NkBT (b) %NkBT (©) Nk,T (d) gNkBT
Ans:  (c)
Solution: There are 2 N degree of freedom.

The internal energy of the system is NieoT' | NisT _ NksT

Q2. Which of the following atoms cannot exhibit Bose-Einstein condensation, even in
principle?
() H; (b) *H. (c) ®Nay, (d) ¥Kyo
Ans:  (d)
Solution: For Bose-Einstein condensation:
Number of electron + number of proton + number of neutron = Even
For ** Ko
Number of proton = 19, Number of electron = 19, Number of neutron = 11.
19+ 19 + 11 =49 this is odd. So it will not exhibit Bose-Einstein condensation.
Q3.  For a two-dimensional free electron gas, the electronic density n, and the Fermi energy

Er, are related by

2mE . )2 mE
(a) I’I—( 372-2;2 (b) n= ;
mE 2 % (mEF )%
(€) n=—-7 (d) n=
27h 7h
Ans:  (c)
E .
3 E)=1 if E<E
Solution: n = j g(E)f(E)JE, g(E)dE = Z—TdE, at T=0 f(E) f i
0 h =0 if E>E,
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e 2mE _mEy
h? 27h?
Q4.  Which among the following sets of Maxwell relations is correct? (U-internal energy, H-

enthalpy, A-Helmholtz free energy and G-Gibbs free energy)

() T = (Z—gjs and P = (Z—ZJV (b) v = [Z_;[l and 7 = ((Z—I;jp

(c) P= —(%}T andV = (%j (d) P= —(g—ﬁl and S = (2—‘;}

oP
Ans:  (b)
Solution: dH =TdS +VdP = (ﬁj = T(aﬂj =V
oS ), OP )
. . o 7%V (k,T)’ .
Q5.  Partition function for a gas of photons is given as InZ = h—30C3 . The specific heat of
the photon gas varies with temperature as
@ (b) 1
Gy c,

Ny
Ny

(c) (d) A
A
CV
CV

_ T
T

Ans:  (a)

Solution: U = KBTZ%, C, = Mo C,xT?.

orT aT ),
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Q6. From Q. no. 5, the pressure of the photon gas is

2 T 3 2 T 4 2 T 4 2 T 3/2
=l Ik g kI) g 2T
15n°C 8n°C 45h°C 45n°C
Ans: (c)
2(k,T)'
Solution: P=KT(a|an I ( - 3)
oV ). 4sr°C
GATE 2011

Q7. A Carnot cycle operates on a working substance between two reservoir at temperatures 73
and T, with Tp > T,. During each cycle, an amount of heat O, is extracted from the
reservoir at 7; and an amount O, is delivered in the reservoir at 7,. Which of the
following statements is INCORRECT?

(a) Work done in one cycle is Q1 — 0

9 _0
(b)Tl—T2

(c) Entropy of the hotter reservoir decreases
(d) Entropy of the universe (consisting of the working substance and the two reservoirs)
increases
Ans: ()
Solution: Entropy of hotter reservoirs decreases.
Q8. Inafirst order phase transition, at the transition temperature, specific heat of the system
(a) diverges and its entropy remains the same
(b) diverges and its entropy has finite discontinuity
(c) remains unchanged and its entropy has finite discontinuity
(d) has finite discontinuity and its entropy diverges
Ans:  (b)
Q9. A system of N non-interacting and distinguishable particle of spin 1 is in thermodynamic

equilibrium. The entropy of the system is

(@) 2kgIn N (b) 3kg In N (¢) Nk In 2 (d) Nkgin3
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Ans:  (d)
Solution: S= kBZInQ, Q=3 is number of microstate. S=1, S,=-1 0, 1

The entropy of the system is Nkg In 3.

Q10. A system has two energy levels with energies ¢ and 2¢. The lower level is 4-fold
degenerate while the upper level is doubly degenerate. If there are N non-interacting
classical particles in the system, which is in thermodynamic equilibrium at a temperature

T, the fraction of particles in the upper level is

1 1
a) ——— by — —
( ) 1+e€/k5T ( ) 1+Ze€/kET
1 1

(C) ZeS/kET +4625/k5T (d) Zeé‘/kBT _462£/k5T
Ans: (b)
Solution: Partition function Z = 4e <% + 2¢7</#"

Ze—Ze/kT 1
P(Zg) = 4e—e/kT + Ze—ZGIkT = 1+ 2ee/kT

GATE 2012

Q11. The isothermal compressibility, « of an ideal gas at temperature 75, and V%, is given by

1oV 1 o7 OP OP
@ -—— () —— © Vo (d) Vo—
v, oP|; v, oP|; ovl, ovl,

Ans:  (c)

Solution: Isothermal compressibility x = —V(S—\F;)
.

Q12. For an ideal Fermi gas in three dimensions, the electron velocity 7 at the Fermi surface
is related to electron concentration # as,
@) Vv, ocn®® (b) ¥, <n (€) V, oc n'? (d) ¥, cn'
Ans:  (d)

. 1
Solution: E, ==mV? v E,cn’?=V?an’ =V, cn',
2
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Q13. A classical gas of molecules, each of mass m, is in thermal equilibrium at the

absolute temperature 7. The velocity components of the molecules along the Cartesian

axes are v,,v, andv_. The mean value of (vx +v, )2 is

(@) 2T (o) 3KaT © Lkl @ 2T
m 2 m 2 m m
Ans:  (d)
soloton: () = 1)) 2, = (V) 20, =27
vy Ay 2K T
-<Vx>—<Vy>—0 and <Vx>+<Vy>_ ot

Q14. The total energy, E of an ideal non-relativistic Fermi gas in three dimensions is given by

5/3
E o v where N is the number of particles and 7 is the volume of the gas. Identify the

CORRECT equation of state (P being the pressure),

(@) PV:%E (b) PVz%E (©) PV =E (d) PV:gE
Ans: (b)
JEY  2(NY: ON% 2
Solution: P:—[—j :—(—j =>PV==—>=—E.
v ), 3\Vv 3v% 3

Q15. Consider a system whose three energy levels are given by 0, ¢ and 2¢. The energy level ¢
is two-fold degenerate and the other two are non-degenerate. The partition function of the

system with g = le is given by

B
(@) 1+2e 7 (b) 2e77 472 (©) (L+e™)? (d)1+e” +e*
Ans: (b)
Solution: E, =0, E, =¢,E;, =2¢,; g, =1 g,=2,g, =1where g,,g, and g, are degeneracy.

The partition functionZ = g,e " + g,e " + ge 7 =1+ 2% + 7% = (1+ e’ )2
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GATE 2013

Q16. If Planck’s constant were zero, then the total energy contained in a box filled with
radiation of all frequencies at temperature 7' would be (% is the Boltzmann constant and

T is nonzero)
(a) zero (b) Infinite (c) %kT (d) kT

Ans:  (d)
Solution: If Planck’s constant were zero, then the system behaved as a classical system and the
energy is kT .
Q17. Across a first order phase transition, the free energy is
(a) proportional to the temperature
(b) a discontinuous function of the temperature
(c) a continuous function of the temperature but its first derivative is discontinuous
(d) such that the first derivative with respect to temperature is continuous
Ans:  (c)
Q18. Two gases separated by an impermeable but movable partition are allowed to freely

exchange energy. At equilibrium, the two sides will have the same

(@) pressure and temperature (b) volume and temperature
(c) pressure and volume (d) volume and energy
Ans: (a)

Q19. The entropy function of a system is given by S(E)=aE(E, - E) where aand E, are

positive constants. The temperature of the system is

(a) negative for some energies (b) increases monotonically with energy
(c) decreases monotonically with energy (d) Zero
Ans:  (a)

Solution: From first and second law of thermodynamics

TdS = dU — PdV :>dS=1(dU—PdV):(a—S) _Lipou
T OF ),
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Q20.

Ans:

_
a(E,-2E)

S(E)=aE(E, - E) :(2—2) =a(Ey—E)-aE=a(E,—2E) =T =

Consider a linear collection of N independent spin ¥ particles, each at a fixed location.

The entropy of this system is (& is the Boltzmann constant)

(a) zero (b) Nk ©) %Nk (d) NkIn(2)

(d)

Solution: There are two microstates possible for one so entropy is given by Nk In(2)

Q21.

Ans:

Consider a gas of atoms obeying Maxwell-Boltzmann statistics. The average value of
e“? over all the moments p of each of the particles (where & is a constant vector and
is the magnitude, m is the mass of each atom, T is temperature and % is Boltzmann’s

constant) is,

2mkT 7§azka

(a) one (b) zero @ e? (d) e 2

(©)

o 00 ©

Solution: (") = j j If(px,py,pz)ei"adpxdpydpz where f(px,py,pz) is Maxwell probability

—00 —00 —00

distribution at temperature T.

< Py @© Py © 2
pay _ " 2mkT Pl " 2mkT P " 2mkT P-4
(e )—J.Axe mkT e dpr.Aye m e“dpyJ.Aze mkT eP dp_
—0 —0 —©

—(ai-*—af-*—af)ka 0 _(pX—kaax)z © (p_‘,—kaa‘V)2 © _(pz_kaaZ)Z

(e —e 2 J' Ae 2 de‘ Aye_WdyI Ae 2T

—(a? +a§+af)ka

G ET 2 111 =e?
Common Data for Questions 22 and 23: There are four energy levels E, 2E, 3E and
4FE (where E >0). The canonical partition function of two particles is, if these particles

are

Q22. Two identical fermions
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(a) o PE 4 oM | pOBE | ,BE

(b) o E 4 pME | SPE | ,SBE | TSE

(©) (e_'gE to E Lo E L o )2
(d) e —™F 4 o _ o 8
Ans: (b)
Solution: The possible value of Energy for two Fermions
E, =3E,E, =4E,E, =5E,E, =6E,E, = TE
The partition functionis Z = e + ™% 1 2™/ 4 ¢ L7/
Q23. Two distinguishable particles

(a) e 2PE 4 o HPE | p7BPE | ,8IE
(b) e 3PE 4 o ME 4 pSPE | SPE | TS
2
(c) (e’ﬂE +e Lt +e’4ﬁ5)
(d) e 2PE _ g PE | ,BPE _ 8fE
Ans:  (c)
Solution: When two particles are distinguishable then minimum value of Energy is 2E and
maximum value iS8F .
. . 2
So from checking all four options (Z =e "y 4 +e‘4ﬂE)

GATE 2014

Q24. For a gas under isothermal condition its pressure p varies with volume ¥ asP oc V>3,

The bulk modules B is proportional to

(a) V71/2 (b)V72/3 (C) V73/5 (d) V75/3
Ans:  (d)
Solution: P=KV™>®, B= _ydP Boc V3
dv
Q25. At a given temperature T, the average energy per particle of a non-interacting gas of
two-dimensional classical harmonic oscillators is k,T
Head office Branch office
fiziks, H.No. 23, G.F, Jia Sarai, Anand Institute of Mathematics,
Near IIT, Hauz Khas, New Delhi-16 28-B/6, Jia Sarai, Near IIT
Phone: 011-26865455/+91-9871145498 Hauz Khas, New Delhi-16

Website: www.physicsbyfiziks.com
Email: fiziks.physics@gmail.com 8




fiziks

Institute for NET/JRF, GATE, IIT-JAM, JEST, TIFR and GRE in PHYSICAL SCIENCES

fiziks

(k4 is the Boltzmann constant)

Ans: 2k,T
Q26. Which one of the following is a fermion?
(a) a particle (b) , Be* nucleus
(c) Hydrogen atom (d) deuteron
Ans  (d)

Solution: Total number of particles: P+ N+ E =3
Q27. For a free electron gas in two dimensions the variations of the density of states. N(E)as a

function of energy E, is best represented by

(a) (b)
N(E) N(E)
E E
(©) (d)
N(E) N(E)
E E

ans (c)

N(E)oc E°

Q28. For a system of two bosons each of which can occupy any of the two energy levels 0 and

& the mean energy of the system at temperature 7'with g = iTis given by

B
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—-pe —2p¢ -pe

& +2¢ 1+¢

(@) =< ° (b) —— 5
14 2e 7% 4 o72P¢ 2077 4 o72P¢

© 2ce % 4 ge?Pe 0 ce PP 4 2ge07f

2+ePf f e 2+e 7 e

if both particle will in ground state the energy will 0 which is non degenerate

if one particle is in ground state and other is in first excited state then energy is ¢ and
non degenerate

if both particle will in first excited state the energy will 2& which is non degenerate
then partition function is Z =1+exp— fe¢ +exp—2f¢

exp— fe+2cexp—-2p¢
1+ exp— fBe +exp—2p¢

average value of energy

no one ans. is correct .

Q29. Consider a system of 3 fermions which can occupy any of the 4 available energy states
with equal probability. The entropy of the system is
@) k,In2 (b)2k, In2 (€)2k,In4 (d) 3k, In4

Ans: (b)

Solution: Number of ways that 3 fermions will adjust in 4 available energy is ‘C,=4 so

entropy is k,In4 =2k, In2
GATE 2015
Q30. In Boss-Einstein condensates, the particles
(a) have strong interparticle attraction
(b) condense in real space
(c) have overlapping wavefunctions
(d) have large and positive chemical potential
Ans.: (c)
Solution: In Bose- Einstein condensates, the particles have overlapping wave function.
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Q3L.

Ans.:

For a black body radiation in a cavity, photons are created and annihilated freely as a
result of emission and absorption by the walls of the cavity. This is because

(a) the chemical potential of the photons is zero

(b) photons obey Pauli exclusion principle

(c) photons are spin-1 particles

(d) the entropy of the photons is very large

(a)

Solution: The chemical potential of photon is zero

Q32.

Ans.:

Consider a system of N non-interacting spm—E particles, each having a magnetic

moment 4, is in a magnetic field B = BZ. If Eis the total energy of the system, the

number of accessible microstates Q is given by

E
(a) Q= M (b)Q = [N_ﬂB]!
(N—fBj! ;(N+;J! (N+;1EBJ!
(©) Q=%(N—£J! %(N+£j! d) Q= N!
SR 1
(a)

. . . . . . 1
Solution: Number of microstate is “C, where n, is number of particle in +§ state and

ny,=N-n, IS

Number of state in —% state.

anE(N_ij,nz :E(Mij
2 uB 2 uB

So number of microstate is . 1 E
SIN-Z S N+
2[ ﬂBJ 2( ﬂB]
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Q33. The average energy U of a one dimensional quantum oscillator of frequency wand in

contact with a heat bath at temperature 7 is given by

1 1 1 ) 1
a) U = —hwcoth| = B A b) U = —hwsinh| = B#h
0= Lnocon{Lno) 0 U=Lnoson{Lno)
(U =%ha)tanh6,b’ha)j d) U :%ha}coshgﬂha}j
Ans.: (a)
- n+1 13
Solution: -.°Z=Z;ﬂEi =Ze ﬂ[ Z)h where E:(nJAJha):Z:;
5 2 . (,Bha)j
2sinh| &——
2
°.'U:_—aan:U:—iln ;h :U:%coth(@j
B op Zsinh(’BZa)J

Q34. The entropy of a gas containing N particles enclosed in a volume V'is given by

aVE®"?

5/2
N

S = Nk, In( j where E is the total energy, ais a constant and k,is the

Boltzmann constant. The chemical potential x of the system at a temperature 7' is given

by
[ (aVE¥?) 5 [ (aVE¥?) 3]
(a) ,u:_kBT In[ N5/2 J_Ei| (b) Iu:—kBT In[ NS/Z —E
[ (aVE¥?) 5 | (aVE¥?) 3]
(C) u=-k,T In( YeE j_ﬂ d) u=—-k,T In( e
Ans.: (a)
3 3
2 2
Solution: (a—GJ =—-S=—Nk,In “VE5 S = Nk, | aVl;:
or P NE NE
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[amiJ

5

= G=—-Nk,TIn +In4

N N? aVE? N2
3
2
= u=—k,T|In aVl;? 2
N2 ) 2
GATE-2016
Q35. The total power emitted by a spherical black body of radius R at a temperature 7 is F,.
Let P, be the total power emitted by another spherical black body of radius g kept at
temperature 27 . The ratio, % IS . (Give your answer upto two decimal places)
2
Ans.: 0.25
24 24
Solution:pocAT4:>ﬂ—RlTl __ KT =%:%=0.25

§ ) Rzsz4 [R

2
=1 (2r)
s @)
Q36. The entropy S of a system of N spins, which may align either in the upward or in the
downward direction, is given by S=—k,N[ pIn p+(1-p)In(l-p)| . Here k, is the

Boltzmann constant. The probability of alignment in the upward direction is p. The value
of p, at which the entropy is maximum, is . (Give your answer upto one decimal
place)

ADnNs.: 0.5

Solution: § = —kBN[p In p+(1—p)]n(1—p)]
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For maximum entropy ?zO = Inp+p><£—In(l—p)+(1—p)><1
p p

Inp+1-In(1-p)-1=0= |n(ﬁ}:o:p:1—p:p=o.5
Q37. For a system at constant temperature and volume, which of the following statements is
correct at equilibrium?
(a) The Helmholtz free energy attains a local minimum.
(b) The Helmholtz free energy attains a local maximum.
(c) The Gibbs free energy attains a local minimum.
(d) The Gibbs free energy attains a local maximum.
Ans.: ()
Solution: dF =-SdT — PdV
Q38. N atoms of an ideal gas are enclosed in a container of volume V. The volume of the
container is changed to 4/, while keeping the total energy constant. The change in the
entropy of the gas, in units of Nk, In2,is , Where £, is the Boltzmann constant.

Ans.: 2
. 1
Solution: S, =Nk Inl S, =Nk, Inz

AS =S, —S, = Nkg In4=2Nk, In2

Q39. Consider a system having three energy levels with energies 0, 2¢ and 3¢ ,with
respective degeneracies of 2,2 and 3. Four bosons of spin zero have to be
accommodated in these levels such that the total energy of the system is 10 ¢ . The

number of ways in which it can be done is
Ans.: 18

Solution: The system have energy 10 & if out of four boson two boson are in energy level

2¢& and two boson are in energy level 3¢ and

n+g -1
Wzﬂg m=2g=2and n,=2,g,=3
i |ﬁgi—l
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[2+2-1 [2+3-1
X =
122-1 " [213-1

3x6=18

Q40. A two-level system has energies zero and E. The level with zero energy is non-

degenerate, while the level with energy E is triply degenerate. The mean energy of a

classical particle in this system at a temperature 7 is

-k £ £ £
Ee™" Ee®’ 3Ee"T 3Ee"T
(a) = (b) 23 () 23 (d) =
1+ 3es” 1+ekT 1+e"T 1+ 3esT
Ans.: (d)
E.
i _0 E £
Solution: _;g"E"e _ Oxe T +3xExe F  3Ee""
olution: (E)= - = — &= —
zgie kT e kT +3X€ kT 1+3€kBT
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