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THERMODYNAMICS AND STATISTICAL PHYSICS
NET/JRF (JUNE-2011)

Q1.  Consider the transition of liquid water to steam as water boils at a temperature of 100°C
under a pressure of 1 atmosphere. Which one of the following quantities does not change

discontinuously at the transition?

() The Gibbs free energy (b) The internal energy
(c) The entropy (d) The specific volume
Ans.: (a)

Solution: In first order transition Gibbs free energy is continuous.
Q2. A particle is confined to the region x >0 by a potential which increases linearly as

u(x)=u,x . The mean position of the particle at temperature 7" is

ke, T

@) (o) (ksT)" Iu, ©)

(d) uok,T

Uy
Ans. : (a)

 UpX.

Solution: Partition functionZ:%I Zm"BTd I “Tdx and (x)= I xp (x)dxdp,

HoX

2 < \ * .
er kaBpo ) "BTd jxe b gy “o J J;t dt

:>< > 2 Cugx o 0¥ o
He ijBpo e “Tdx J. :”de [k r

0
Q3. A cavity contains blackbody radiation in equilibrium at temperature T. The specific heat

per unit volume of the photon gas in the cavity is of the formC, = y7°, where y isa

constant. The cavity is expanded to twice its original volume and then allowed to

equilibrate at the same temperature 7. The new internal energy per unit volume is

7

(a) 4/7* (b) 2,7° (c) /T (d)

Ans. : (d)

4

Solution: du = C,dT = J'yTSdT =u= yi
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Q4. Consider a system of N non-interacting spins, each of which has classical magnetic
moment of magnitude . The Hamiltonian of this system in an external magnetic field
— N —_—
H isZﬁi H , where f, is the magnetic moment of the i" spin. The magnetization per
i=1

spin at temperature 7'is

2 k
@~ ’;’ (b) y[coth( ;‘}; J—%}
.y pH
(©) 'Usmh(kBTJ (d) ytanh[kBTj
Ans. : (b)
J'J'ycoseexp/mTos’Gsine do d¢

Solution: For classical limitM =

” exp‘d{];:;sgsin 0 dédg

B

M = u| coth kT
k, 7 ) wnH

Q5.  Consider an ideal Bose gas in three dimensions with the energy-momentum relation
& o p*withs > 0. The range of s for which this system may undergo a Bose-Einstein

condensation at a non-zero temperature is
@1l<s<3 (b) 0<s<2 (c)0<s<3 (d 0O<s<ow
Ans. : (a)
NET/JRF (DEC-2011)

3
Q6. Theinternal energy E of a system is given by E = % where b is a constant and other

symbols have their usual meaning. The temperature of this system is equal to

bS? 3bS2 bS?® s\
a) — b c) —— d) | —
@ 0 %S © 2 ()[Nj
Ans. : (b)
2
Solution: TdSZdE+PdVSdEZTdS—PdVS(a—Ej =T:>T:3bS
as ), VN
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Q7. Consider a Maxwellian distribution of the velocity of the molecules of an ideal gas. Let

v,, and v, denote the most probable velocity and the root mean square velocity,

rms

respectively. The magnitude of the ratio v, /V,, is

rms

(a) 1 (b) 2/3 () v2/3 (d) 3/2
Ans.: (c)

. . T V
Solution: For Maxwellian distributionV,, = ‘/E s Vs = /Bk—T = " = ‘/g
m m Vrms 3

Q8.  If the number density of a free electron gas in three dimensions is increased eight times,

its Fermi temperature will

(@) increase by a factor of 4 (b) decrease by a factor of 4

(c) increase by a factor of 8 (d) decrease by a factor of 8
Ans.: (a)

2
: . 3N )3 h? N . : :
Solution: Fermi energy E» = —, where — is number density and g is degeneracy
AnVg ) 2m V
3 2 T 3
EFocTFK:>TFoc(£j3:>TFoc(n)3:> i M — 4 since X =8,
V T n, n2

Q9. A system of N non-interacting spin % particles is placed in an external magnetic field A.

The behavior of the entropy of the system as a function of energy is given by

@ S (b) S
E -
—pgH upH —uH E— u,H
© s (d) o
~u,H E— PN L H J
Ans.: (a)
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Solution: > = —NEXU [ NetU ) Ne=U  [Ne=U | \hore o = uH .S is symmetrical
Nk 2Ne 2¢ 2Ne 2Ne
about £.

Q10. Agasof N non-interacting particles is in thermal equilibrium at temperature 7'. Each
particle can be in any of the possible non-degenerate states of energy 0, 2¢ and 4&. The
average energy per particle of the gas, when fe <<1, is
(@) 2¢ (b) 3¢ (c) 2¢/3 d) ¢

Ans.: (a)

0-¢ +2¢e" +4ge™?
e 4o 2P | ot

Solution: E, =0, E, =2¢,E, =4c, Z=e"" +e/ +e™*/ :><E>=

_2ee7 +4ge  2e(1-2eB.)+4e(1-(4eB)..) _2c+4s _6e _
lre ™ ve™’  14(1-2¢f..)+(1-4ep...)  1+1+1 3

= <E> 2¢

where fe <<1.
Q11. A one-dimensional chain consists of a set of N rods each of length «. When stretched
by a load, each rod can align either parallel or perpendicular to the length of the chain.
The energy of a rod is —¢ when perpendicular to it. When the chain is in thermal
equilibrium at temperature T, its average length is
(@) Nal2 (b) Na (©) Nalll+e'™™") (d) Nafl+e ")
Ans.: (c)
Solution: Let », no. of rods are parallel and », no. of rods are perpendicular.
Energy of rod when it is perpendicular= —¢

Energy of rod when it is parallel is¢ .

-B(-¢) Be -pe
e e e
Pl—-¢)= = and Plg)=
( ) e Ple) Lol ghe | goBe ( ) e” e
-pe Pe pe
nae ” +n,ae Nae Na

Average length = naP(&)+nmaP(~¢) ==——2——=—— =———

e’ +e e” +e 1+e

Since P(—&)>> P(g) so n, =N, n, =0.
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Q12. The excitations of a three-dimensional solid are bosonic in nature with their frequency w

AnS. :

and wave-number & are related by w oc k?in the large wavelength limit. If the chemical
potential is zero, the behavior of the specific heat of the system at low temperature is
proportional to

(@) 7" (b) T (c) 7" (d) 7°

(©)

Solution: If dispersion relation isw o £*,

Q13.

Ans, :

At low temperature specific heatoc 7%
Gas molecules of mass m are confined in a cylinder of radius R and height L
(with R >> L) kept vertically in the Earth’s gravitational field. The average energy of the

gas at low temperatures (such that mgL >> k,T ) is given by
(@) Nk,T12 (b) 3Nk, T 12 (c) 2Nk, T (d) 5Nk,T 12
(d)

Solution: Z = h—13 [ e dp,dp,dp.dxdydz

2
- o _mgz.

7 - Tezmk,,rdpxj‘ zkapo} J‘ zmk,,rdpzj'dx dyJ‘ kT 7,

—00 —00

o ma
_mgz. 2 _ kyT
Z:ﬂRz(ka];j fe “"dz=Z=nR’ ka{ 1-e
2rh® ) o 2rh mg
k,T

Z,=7",

720Nz _ 5Nk, T

= (E)=k, e

, since mgL >> k,T
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Q14. Consider a system of non-interacting particles in d dimensional obeying the dispersion
relatione = Ak* , where ¢ is the energy, & is the wave vector; s is an integer and 4 is

constant. The density of states, N(g) , Is proportional to

d

@ i () & @ v
Ans. : (b)

Solution: We can solve this problem with intuition for example & = 4k?

1 3

Density of state in 3-dimensional &V (e)oce? =2
2

£
Density of state in 2-dimensional N(e)c g’ = g2
-1 1

Density of state in 1-dimensional M) < &2 =¢2
d

oy
Density of state in d-dimensional, where &€ = 4k* = N(g) oc &°

Q15. The number of ways in which N identical bosons can be distributed in two energy levels,

IS
@) N +1 (b) w ©) M d) N
Ans.: (a)
Solution: Number of boson = N, Number of energy level = ¢
N+g-1

So number of ways to distribute N boson into g level is, W = ¢y =N +1 since

g=2.
Q16. The free energy of the gas of N particles in a volume ¥ and at a temperature 7' is

F = Nk,Tn aOV(kBT)5’2/NJ, where a, is a constant and k, denotes the Boltzmann

constant. The internal energy of the gas is
(8) S NK, T (b) 2Nk, T
2 2
(©) Nk, T Inlagh (k,T)" /N]—%NkBT (d) Nk, T Inlagh 1(k,T)"'? ]

Ans. : (b)
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Solution: F = Nk, T In|a,V/(k, T2 IN|, F=U-TS U =F +Ts

sz—SdT—PdV:[a—Fj =S orS:—(a—Fj :>U=F—T(8—Fj
or ), or ), ,

or
5/2
F = Nk, TIn(CT*?) where € = %" %5 "
[a—Fj = Nk, In(CT? ) Nk, 7S 27907 T(a—Fj = Nk, TIn(CT?)+ 2 Nk, T
T), CT%? 2 or ), 2
T(ﬁ—Fj =F+§NkBT:>U=F—T(a—Fj = 2Nk, T
or ), 2 or), 2

Q17. A system has two normal modes of vibration, with frequencies @, and @, = 2w, . What
is the probability that at temperature 7', the system has an energy less than 4z, ?

[In the following x = e and Z is the partition function of the system.]

€)] xS/z(x+2x2)/Z (b) x3/2(1+x+x2)/Z
(©) x*2(1+2x?)/ Z (d) x*?(+x+2x2)/ Z
Ans. : (d)

Solution: There is two normal mode so there is two degree of freedom.
Energy of harmonic oscillator is £ = (nl + %)ha)l + (nz + %jha)z .

E = (nl +%)ha}1 + [nz +%]h2a)l where n, =0,1,2,3....and n, =0,1,2,3....

3hw, Shao,

. Second excited state

Ground state energy E = , first excited state energy £ =

7 b .
energy E = hzwl which is doubly degenerate state so g =2, other state have more

energy than 47w, .

3fhay, 5pha, 7phay /
2 2 2 2 2
P(E<4ha)l):e re ~ t2e == (1+;+2x ) where x =e "

Q18. Bose condensation occurs in liquid He* kept at ambient pressure at 2.17 K . At which

temperature will Bose condensation occur in He* in gaseous state, the density of which

is 1000 times smaller than that of liquid He*? (Assume that it is a perfect Bose gas.)
(@) 2.17mK (b) 21.7mK (c) 21.7 uK (d) 2.17 uK
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Ans. : (b)

Solution: For bosons T o (%)3

Q19. Consider black body radiation contained in a cavity whose walls are at temperature 7.
The radiation is in equilibrium with the walls of the cavity. If the temperature of the walls
is increased to 27 and the radiation is allowed to come to equilibrium at the new
temperature, the entropy of the radiation increases by a factor of
(@ 2 (b) 4 (c) 8 (d) 16

Ans.: (c)

Q. 57474
Solution: For Black Body, energy is given by F = MV’ SR _(817) :(
4

oF 327°ky Vs
4542C3 oT

45K%C*

=S« T3’ If temperate increase from 7' to 27 then entropy will incase S to 8S'.

NET/JRE (DEC-2012)

Q20. The entropy of a system, (S) is related to the accessible phase space volume I' by

S =k, InT(E,N,V) where E, N and V' are the energy, number of particles and volume
respectively. From this one can conclude that T’
(a) does not change during evolution to equilibrium
(b) oscillates during evolution to equilibrium
(c) is a maximum at equilibrium
(d) is a minimum at equilibrium
Ans. : (c)
Solution: Entropy is maximum at equilibrium.
Q21. Let AW be the work done in a quasistatic reversible thermodynamic process. Which of
the following statements about AW is correct?
(@) AW is a perfect differential if the process is isothermal
(b) AW is a perfect differential if the process is adiabatic
(c) AW is always a perfect differential

(d) AW cannot be a perfect differential
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Ans. : (b)
Solution: Work done is perfect differential in adiabatic process.

Q22. The free energy difference between the superconducting and the normal states of a
material is given by AF = f, — f, = a|1//|2 +§|1//|4 where w is an order parameter and

a and S are constants s.t. « >0 in Normal and « <0 in the super conducting state,

while g >0 always, minimum value of AF'is

@ - ) L © -3 @ - 2%
B 2 2p 2
Ans. : (b)
Solution: AF = aly|” + 2y’ :%: 2aly|+ Ly
2alyl+ 28y =0 =y ==
Putting the value, AF = —“—2+ﬁx“—2 = AF| = @
g 2 p o 2B
Q23. A given quantity of gas is taken from the state 4 — C reversibly, by two P
paths, 4 — C directly and 4 — B — C as shown in the figure.
During the process 4 — C the work done by the gas is 100/ and the heat
absorbed is 150/ . If during the process 4 — B — C the work done by the B C
gas is 30, the heat absorbed is v
(@) 204 (b) 80 (c) 220 (d) 280/
Ans. : (b)

Solution: During path AC, dU =dQ —dW =150-100=50 J
Since, internal energy is point function, so dU will same in all path
Inpath ABC, dQ=dU +dW =50+30=80 J .
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Q24. Consider a one-dimensional Ising model with N spins, at very low temperatures when
almost all spins are aligned parallel to each other. There will be a few spin flips with each

flip costing an energy 2. . In a configuration with » spin flips, the energy of the system

is £E=—NJ+2rJ and the number of configuration is "C,;r varies from 0 to N. The

N
J
)
Ans. : (d)

Solution: Let us consider only three energy levels, £, =-2J +2rJ 1.e. E, =-2J, E, =0 and

partition function is

J ! ~NJ I kgT H J !
€)] [kBTj (b) e (c) (smh kBT] (d) [cosh

E,=2J.

_ _ _ 2
0 _(ZCOe ﬁE°+2Cle ﬁEl+2C2e ’BEZ)_(eﬂ2J+Ze°+eﬂ2J)_(eﬂl+ew)
2 = 2 B -

4 4

Q25. Consider a system of three spins Si, S and S3 each of which can take values +1 and -1.
The energy of the system is given by E = —J[S,S, + 5,5, + S,S, | where J is a positive
constant. The minimum energy and the corresponding number of spin configuration are,

respectively,

(a) J and1 (b) —3/ and 1 () -3/ and 2 (d) -6 and 2
Ans.: (c)
Solution: If we take S, =S, =S5, =+1 ie. E I ;T

Then energy, E = —J[1x1+1x1+1x1]=-3J

Again S, =S, =S5, = -1, then \! \! \!
Energy (E)=-3J

So, minimum energy is (—3J) and there are two spin configuration.

Ifwetake T 1 7T

iS5 S3

Then we get Maximum energy E =J .
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NET/JRF (JUNE-2013)

Q26. Ten grams of ice at 0° C is added to a beaker containing 30 grams of water at 25°C.
What is the final temperature of the system when it comes to thermal equilibrium? (The
specific heat of water is 1cal/ gm/° C and latent heat of melting of ice is 80cal/ gm)

(@) 0°C (b) 75°C (c) 12.5°C (d) —1.25°C

Ans.: (a)

Solution: The amount of heat required to melt the ice of mass 10 gm at 0° C is
QO =mxL=10x80=800Cal, where L is the latent heat of melting of ice and m is the
mass of the ice. The amount of heat available in water of mass 30 gm at 25° C is

O =mxC, xT =30x1x25="750Cal
Since the heat available is less than the heat required to melt the ice therefore ice will not
melt as a result the temperature of the system will be at 0° C only.

Q27. A vessel has two compartments of volume ¥, and V,, containing an ideal gas at pressures
p, and p,, and temperatures 7; and 7, respectively. If the wall separating the

compartments is removed, the resulting equilibrium temperature will be

T + p,T. V.T, +V,T. V. + p,V.
@) Pl T Pyly (b) 111 ) ©) 1/71 1T DoV, / (d) (TlT2)1/2
Pt D, Vi+V, (prl Tl)"'(szz Tz)
Ans. : (c)
Solution: V' =V, +¥,, n=n, +n, :pl—V1+p;—V2, U+U,=U,  nCT+nCT,=nCT,
1 2
nT, +n,T, =nT =T =21t Pabs
p11/1+p2V2
L T,
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Q28. For temperature 7, > T, , the qualitative temperature dependence of the probability
distribution F(v) of the speed v of a molecule in three dimensions is correctly

represented by the following figure:

. T
(a)F T ORI
\% %
T,
©F 7~ T, () I
Ans.: (a) . .

Solution: Area under theF(v) is conserve and the mean velocity shift towards right for higher

temperature.
Q29. A system of non-interacting spin-1/2 charged particles are placed in an external magnetic
field. At low temperature T, the leading behavior of the excess energy above the ground

state energy, depends on T as: (¢ is a constant)

@) cT (b) T () e " (d) ¢ (is independent of 7')
Ans. : (c)
Hpll _HpH
. 1, H el _p T
SOIUtlon. U :_IUBH tanhlf—T = —IUBH /“BJJ—J’BH

ekT +e kT

Excess energy from the ground level

upl gl wpl gl _uht

e kT —e kT e kT —e kT 28 kT
=—wH ) = |~ ) = H ) 1) = | = )

ekT +e kT ekT +e kT ekT +e kT

_C
At low temperature, the lower value, AU «< e /T, where C = u,H .
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Q30. Consider a system of two Ising spins S, and S, taking values +1with interaction energy
given by ¢ =-JS,S,, when it is in thermal equilibrium at temperature 7. For large 7', the
average energy of the system varies asC/k,T , with C given by
(@) —2J° (b) —J? (c) J? (d) 4

Ans. : (b)

Solution: The interaction energy is given by £ = —-J S,S, where S, and S, taking values +1.

Possible values of the Energy of the system are

E =-J11=—J, E,=-J(-1)-1)=+J
E,=-JQ)(-1)=+J, E,=-J(-1)(-1)=-J
_E, » J
T J i S oty
Z,:E’g’e _2JeM 42 Je T el _ g i ( kT ( kTD
(U)= R YR W e J
Zr:gre kT 20T 4+ o kT el + o KT 1+(]{Tj+l_(k]‘j

2

:><U>=—J—:>C:—J2 (For large T,i<<1)
kT kT
Q31. Consider two different systems each with three identical non-interacting particles. Both

have single particle states with energies &,,3¢, and 550,(50 > 0). One system is populated
by spin —% fermions and the other by bosons. What is the value of E,. — E, where E,

and E, are the ground state energies of the fermionic and bosonic systems respectively?
(a) 6z, (b) 2, (c) 4z, (d) &
Ans. : (b)

Solution: Energy of Fermion = 2x1g, + 3¢, = 5¢,
Energy of boson = 3x1g, =3¢,
E, —E,=5¢,—-3¢, = 2¢,
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Q32.

ADnS, :

NET/JRF (DEC-2013)

Three identical spm-E fermions are to be distributed in two non-degenerate distinct

energy levels. The number of ways this can be done is
(a) 8 (b) 4 (c)3 (d) 2
(b)

Solution: Total number of degeneracy

Q33.

AnS, :

g = (Number of energy state (n))x(Number of degeneracy due to spin (2s +1))
1 1
n=2, s=—, =2x(2.=+1) =4
> g ( > )
Number of particle, N =3. So number of ways, *c, = "¢, =4
Consider the melting transition of ice into water at constant pressure. Which of the
following thermodynamic quantities does not exhibit a discontinuous change across the

phase transition?
(@) Internal energy  (b) Helmholtz free energy  (c) Gibbs free energy (d) Entropy

(©)

Solution: Ice to water: 1 order phase transition.

So Gibbs free energy is continuous, so it doesn’t exhibit discontinuous change.

Q34. Two different thermodynamic systems are described by the following equations of state:
1 3RN(1) 1 5RN(2) (1 2) (1 2) (1 2) -
70 = 5@ and 70 = @ where 77, N and U™ are respectively, the
temperatures, the mole numbers and the internal energies of the two systems, and R is
the gas constant. Let U,, denote the total energy when these two systems are put in
- -g= - - (l) -
contact and attain thermal equilibrium. The ratio IS
5N @) 1 3N @ N ’ N©@
@ oy O gyage O o e @ o e
Ans. : (b)
Solution: L — 3RNY 4.1 5RN?
olution: W_—ZU(D an W— 2U(2)
Now U, =U®+U% = gRN(l)T(l) + g RNPT?
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; [3RNUTY |

U(l) 3 N(l) T(l)
f— =

U ;[3 NOT® 4 5RNET)| - 3NUTW L 5NOT®)

3NW
3NY 1 5N@

Q35. The speed v of the molecules of mass m of an ideal gas obeys Maxwell’s velocity

At thermal equilibrium7® = 71| thus

distribution law at an equilibrium temperature 7. Let (vx,vy,vz) denote the components

f 2
of the velocity and k, the Boltzmann constant. The average value of(avx - ,va) , Where

a and g are constants, is

@ (a® = B2, T Im (b) (@®+ B2k, T Im
©) (a+B)k,TIm (d) (=B k,T1m
Ans. : (b)

Solution: Ideal gas obeys Maxwell velocity distribution law at equilibrium temperature. Then

average value of (v, -4, |
Now (o, = v, ') = (&

() =0y, ) =0 and {{)=
Then ((av, ~p, ") = a2<vi>+ﬂ2<vi>—2aﬂ<vx><vy>

<(avx —ﬂvy)2> = az%.;_ng]%_T (a2 +ﬂ2)k_T

m m

N‘ \/
/\
\/

l\.)
S
>
=

<
~—

Q36. Theentropy S of a thermodynamic system as a function of energy ¢

E is given by the following graph. The temperatures of the phases T

A,B and Cdenoted by 7, T, and T, respectively.

_>E

Satisfy the following inequalities:
@7T.>T,>T, b)T,>T.>T, ©T,>T.>T, a7,>7,>T,
Ans. : (c)

Solution: Temperatures of phase are: 7,, T,, T,
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) (de 1
Since, | — |=—
dE T

Hence, % will be slope, then it will be zero for B - phase

So T, =« and in C and A phases, internal energy of C phase is more,so 7. > T,
Now T, >T. >T,

Q37. A system of N classical non-interacting particles, each of massm , is at a temperature T
and is confined by the external potential V(r):%Arz (where 4 is a constant) in three

dimensions. The internal energy of the system is

(8) 3Nk, T (b) gNkBT ©) NmAY"k,T (d) N\/Z |n(kBT j
m

m
Ans.: (a)

Solution: ¥(r)= %Ar2 = %A(x2 +y? +z2) it is harmonic oscillator.

3N
So its partition function will be z, = &(:—Tj
0

Internal energy, U = kT algé =3NkT

Q38. A Carnot cycle operates as a heat engine between two bodies of equal heat capacity until

their temperatures become equal. If the initial temperatures of the bodies are 7, and 7, ,

respectively and 7, > T, , then their common final temperature is

1
@ °/T, (o) 711, © VLT, @ S +7;)
Ans. : (c)
Solution: For heat Carnot engine the change in entropy for source and sink

. dT T, . dT T,
dS,=| —=log| £ |and dS, =| —=log| £+
! ITl T g[Tj ? J.TZ T g(sz

1

T T
AS =dS, +dS, = IogTF+ IogTF.

1 2

2
: - . T,
Since, Carnot engine is reversible in nature, so Iog% =0=>T, =TT,
172
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Q39. Which of the graphs below gives the correct qualitative behaviour of the energy density

E, (1) of blackbody radiation of wavelength A at two temperatures 7, and T, (7, < T,)?

(a) (b)
T, &
E, (l) E, (/1) .
A A
© , (d)
E,(4) E,(4)
I
Ans.: (c) A

Q40. A system can have three energy levels: £ =0, +&. The level £ =0 is doubly degenerate,

while the others are non-degenerate. The average energy at inverse temperature £ is

d) —¢ tanh(%j

fe _ o P

) éle

—¢gtanh
(a) —tanh(4e) oo

(©0

Ans. : (d)
Solution: E=0, £&, E =0 doubly degenerate

Z=Zgie_ﬁE’ =2xe " +e P + e
z=2+eF +e ¥ =Inz= In(2+eﬂ*‘° +e’ﬂ*‘°)

_im

op

1

Now (E) = (z)z—%ln(2+eﬂg+e_ﬂ£) ={

[ pe —pe
ez_ez

2+e” +e”
pe  pe pe -pe
(ez +e 2 e’ t+e?

JZ ] =_gta”h(%j

X (geﬂg —ge ’ )}

el —e e

<E> =—&
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Q41. The free energy F of a system depends on a thermodynamic variable y as
F=—ay®+by®

with a, b > 0. The value of  , when the system is in thermodynamic equilibrium, is

(a) zero (b) +(a/6b)"* (c) +(a/3p)" (d) £(a/b)"*
Ans. : (c)
Solution: Frequency F =—ay” +by°®, a,b>0
2
F is equilibrium i.e. al >0, now a—Fz—Zal//+6bl//5
oy’ 0
y y
oF a al"
— =02y =6by° = — =y =y =+ —
oy W=V 3TV [319)

Q42. For a particular thermodynamic system the entropy S is related to the internal energy U

and volume 7 by

S — CU3/4V1/4
where ¢ is a constant. The Gibbs potential G =U —TS + PV for this system is
3PU cU Us
a) — b) — C) zero d) —
(a) a7 (b) : (c) (d) v

Ans. : (c)
Solution: S =cU¥*VY* dU =TdS — PdV

1/4
(8_5'] :£:> (a_Sj 232&3(}*1’4[/1/4 jT:iUTM
ou ), T ou ), T 4 3V

1

5/4r 72 5/4
8_U :—P=—§V U :>P:£V Y
ov ) c 3 c 3

4 U1/4

S V—5/4
G=U T3yl T

C

xcU¥pYe 4

UMszU—%U+%U:O

Q43. The pressure of a non-relativistic free Fermi gas in three-dimensions depends, at 7 =0,
on the density of fermions » as
(@ " (b) ' © n*" (d) n**

Ans. : (a)
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i 2
Solution: Pressure PzgnEF, E,cn’ atT=0

2 2
P:—nxn2/3=§n5/33pocn5/3

Q44. The vander Waals’ equation of state for a gas is given by
a
Ptz (v —b)=RT

where P, V' and T represent the pressure, volume and temperature respectively, and a
and b are constant parameters. At the critical point, where all the roots of the above

cubic equation are degenerate, the volume is given by

a a 8a
(a) % (b) (©)

d) 3b
27h? 27bR @

Ans. : (d)

2
Solution: (P+%J(V—b)=RT, for critical volume [a—PJzo, 2 }: =0
V oV oV

P+ pp- 90 _pr
% Z
2
a_P:0:>p_i2+2L3b:0, af:O:Z—Z—Gaf:OSZ—Z:6af:>K=3b
oV vy ov vy Vv
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Q45. The pressure P of a fluid is related to its number density p by the equation of state

P=ap+bp?
where a and b are constants. If the initial volume of the fluid is ¥, the work done on

the system when it is compressed, so as to increase the number density from an initial

value of p, to 2p, is

(@) ap Vs (b) (a+bpo )pOV0
3a  Tpyb

(c) (74'%),001/0 (d) (a|n2+bp0)poVo

Ans.: (d)
2

Solution: P=ap+bp?=P=artsphl  p=l

W:JP-dV=an VZd—Vern2 VZd—Z, where Vlzi,szi

v hV Lo 2p,
:>W:—n(a|n2+bp0) :_pOVO(aInZ"'pr), ."n:pOVO

Work done on the system == = (aIn2+bp,) p¥,

Q46. An ideal Bose gas is confined inside a container that is connected to a particle reservoir.
Each particle can occupy a discrete set of single-particle quantum states. If the probability
that a particular quantum state is unoccupied is 0.1, then the average number of bosons
in that state is
(@ 8 (b) 9 (c) 10 (d) 11

Ans. : (b)

Q47. In low density oxygen gas at low temperature, only the translational and rotational modes

of the molecules are excited. The specific heat per molecule of the gas is

1 3 5
(&) ks (b) &y (©) > ks (d) S
Ans. : (d)
Solution: Total D.O.F. = 3 transition + 2 rotation i.e. /=5
k,T  5k,T oUu 5
U=f—+t—=—"2-=C,=—==k
/7 2 Yoor 27
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Q48. When a gas expands adiabatically from volume ¥, to ¥V, by a quasi-static reversible
process, it cools from temperature 7; to 7,. If now the same process is carried out
adiabatically and irreversibly, and 7, is the temperature of the gas when it has

equilibrated, then

@71=T, O)7T>T, © T =TZ[V2 ‘Vlj @) 7 = 12
VZ VZ

Ans. : (b)

Q49. A random walker takes a step of unit length in the positive direction with probability 2/3
and a step of unit length in the negative direction with probability 1/3. The mean
displacement of the walker after » steps is
(@) n/3 (b) n/8 (c) 2nl/3 (do

Ans.: (a)

Solution: P(+1) = % = P(-1)=

Wl

Foronestep=+1><g—1 l,fornstep=ﬁ
3 3 3 3

Q50. A collection N of non-interacting spins S,,i=1, 2,...,N, (S, =+1) is kept in an
external magnetic field B at a temperature 7. The Hamiltonian of the system is

H =-uB¥ S.. What should be the minimum value of :B for which the mean value

B

1

SHy=>=?
< l> 3
1 1
@ 5 N1n2 (b) 212 © 5n2 (d) Nn2
Ans. : (c)
B u5
. e kT ekT
Solution: P(Sl = +1) :ﬁ’ P(Sl :—1):ﬁ
e i 4 el e i ekl
NI
kT __ kT
()= =0 = (5)= (a2
e_ﬁ +ek7

For N particle (S, )= —Ntanh%

S.
According to question, <—> > 1 = —tanh (ﬂj = 1 = HB _ 1In 2
N 3 kT ) 3 kT 2
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Q51. A system of N non-interacting classical particles, each of mass m is in a two

dimensional harmonic potential of the form V(r)za(x2+y2) where o is a positive

constant. The canonical partition function of the system at temperature 7' is ( p= lej:
B
a ) " 2mm o ar ) 2 !
T mmw T m7Z'
(a) (—) — (b) ©|-— (d)
2m) f ,B 2mp aff’
Ans. (d)

Solution: ¥ (r)= a(x2 +y2)

2 2 2

J' 2kadp J' 2kadp J' e T dxj e kT dy

2amkT [2zmkT , 1 1 1 Jr
2x
\/ \/ \/_ 2 a
V kT V kT
27%m 2 27%m .
Z :( o j(kT) =z, :[—hzaﬂz)

Q52. A system of N distinguishable particles, each of which can be in one of the two energy

levels 0 and e, has a total energy » €, where »n is an integer. The entropy of the system

is proportional to

N N1
(@ Nlinn (b) nInN (c) In(ﬁj (d) In[—n!(N_ )'J
s.: (d)

Solution: No of ways for above configuration is = “C,

v [N
W=——— Entropy=k In————
- |n N—n:> by |n|N—n
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Q53. The condition for the liquid and vapour phases of a fluid to be in equilibrium is given by

: . dP . . .
the approximate equation ﬁz& (Clausius-Clayperon equation) where v, is the

Tv

vap
volume per particle in the vapour phase, and @, is the latent heat, which may be taken to

be a constant. If the vapour obeys ideal gas law, which of the following plots is correct?

@"" DR \\ (© P @ P

Ans. (c)
Solution:d—P: 9 v, =£:>d—P:QIIZ:>d_P=g d_€:>|np=_£+a
Tv P dT RT P R'T 7

ap
Q54. Consider three Ising spins at the vertices of a triangle which interact with each other with

a ferromagnetic Ising interaction of strength J. The partition function of the system at

temperature 7 is given by (ﬂ: ! j:

k,T
(@) 2 +6e7 (b) 2¢/ +6e”’
() 2¢% +6e +3¢" +3e (d) (2cosh gJ)’
Ans. (b)
Solution: H =J (8,8, +S5,5;+5,S;)
S, S, S, E
1 1 1 3J
1 1 -1
1 -1 -J
-1 1
-1 -1 1
-1 1 -1;-J
1 -1 -1
1 -1 -1)3J
= z=2¢" +6e”
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Q55. A large number N of Brownian particles in one dimension start their diffusive motion
from the origin at time 1 =0. The diffusion coefficient is D. The number of particles

crossing a point at a distance L from the origin, per unit time, depends on L and time ¢

as
-r —4Dy -I? —4Dr
@ -y M Y () Ne #
NArDt Na4rDt J167D¢3
Tt

Ans. (a)

Solution: From Einstein Smoluchowski theory

2
p (x) dx dx exp al
Na4rDt 4Dt

Number of particle passing from point L at origin=

N exp 5
JarzDt’ 4Dt
Q56. An ideal Bose gas in d -dimensions obeys the dispersion relation e(E) = Ak* , where 4

and s are constants. For Bose-Einstein condensation to occur, the occupancy of excited

states

where ¢ is a constant, should remain finite even for 4 =0. This can happen if

d 1 1 d 1 d 1 d
a) —<— b) = <—<= c) —>1 d =<—«1
()S4 ()4s2 ()S ()2S
Ans. (c)
(d-s)
) . _ 0 e S
Solution: Ne = cJ'O e, _1d S

B.E. condensation is possible in 3-D

1
For materlistic particle g(e) ce? = d =

For massless particle g(e)oce” =

In both cases i >1
S
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Q57. The heat capacity of the interior of a refrigerator is 4.2 kJ /K . The minimum work that

must be done to lower the internal temperature from 18° C to 17° C, when the outside

temperature is 27° C will be
(@) 2.20 kJ (b) 0.80 &J (c) 0.30 kJ (d) 0.14 kJ
Ans. : (b)

Q58. For a system of independent non interacting one-dimensional oscillators, the value of the

free energy per oscillator, in the limit 7 — 0, is
(@) %ha) (b) 7o © %ha) (0

Ans. : (a)

-N
Solution: For the given system Z, = Zsinhh—w = F=—kTInZ, = NkT In| 2sinh o
2kT 2kT

o _ho
Z(eZkT —e 2krl b, o o o
= NkTIn 5 :Nlen{ez"T [1—e kr H = NkT In e?T +NkT|n[l—e "TJ

_he
Ez_ha)+kT|n l—e /T :h_a)+0:h—a) ( kT—)O)
N 2 2

Q59. The partition function of a system of N Ising spins is Z =4 + 4, where 4, and 4, are
functions of temperature, but are independent of N . If A, > A,, the free energy per spin

in the limit N > o is

(@) —kBTIn[%j (b) —k,TIn 4, (€) =k,TIn(A44,)  (d) =k, TInA
Ans. : (d)
Solution: Z=4"+4, F=—kTIn(4" +4), itis given 4, >> 1,

:F:kﬂn[w[%m, =

F:—kTInﬂlN=—NkTIn21:>§=—len/ll
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Q60. The Hamiltonian of a system of N non interacting spin % particles is H =—ﬂoBsz ,

where S7 =+1 are components of i” spin along an external magnetic field B . At a

HoB

temperature 7 such that e*” = 2. the specific heat per particle is

16 8 2 16 2
a) —k b) —k,In2 C) ky(In2 d) —k,(In2
@ ks (0) ks (©) ky (In2) (@) ks (In2)

Ans. : (d)
Solution: For the given system E =—u,B tanh%f

2
C, = #B ) Nk sec? o8
kT kT

B
4 ...e%zzjﬂOB_

&% _ (:UOB

2
- k
N ij (ﬂoB _MT

2+—

2 2
G (B, 4 = i kE=(In2)216—k:Ek(ln2)2
N kT ( 1) & )\ s 25 25

2

Q61. An ensemble of non-interacting spin % particles is in contact with a heat bath at

temperature 7 and is subjected to an external magnetic field. Each particle can be in one

of the two quantum states of energies * <,. If the mean energy per particle is —<, /2,
then the free energy per particle is

In(4/+3
M (b) — &, In(3/2) (c) 2¢,1In2 d) - In2

a) -2
@) -2< In3 °In3

Ans. : (a)

Solution: For the given system, partition function, Z =2" cosh]f—;

. . (S (S
Mean energy per unit particle =| ——% |=— ¢, tanh—2
ay p p ( > ] 0 T

put&:a:tanhazlse . _1
kT 2 e“+e* 2
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= =3= 0:=1In3:>i=iln3:>kT=260
2 kT 2 In3

It is given, %: —kT In (Zcosh :—;J =—kT In(2cosha)vb* —4ac

a

e +e

—-a

=—kTIn (2 J =—kTIn [e_“ (eza +1)} =—kTIn [e_a (3+1)] =—4T'ln [e_a 4]

=—kT[Ine™* +1n4] =kTar~KTIn4 = KT =2~ kT N4 =, __? “ing

n
|n i |n E
{InB—ZInﬂ 16 3
=g | ———— | =5 | ——=F| = e

_—eo
In3 In3 In3
In (4JZ In (4j In (4J
:Ez—eo V3 =-2¢, V3 =-2¢, V3
N In3 In3 In3

Q62. Which of the following graphs shows the qualitative dependence of the free energy

f (h,T) of a ferromagnet in an external magnetic field /#, and at a fixed temperature

T <T.,where T, is the critical temperature?

| A h f f
(a) (b) (©) \ / (d)
h / \ h h
Ans. : (c)

Solution: For super conductor state one will find two local minima

/
5 / Option (c) is correct.
h
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Q63. The specific heat per molecule of a gas of diatomic molecules at high temperatures is
(a) 8k, (b)3.5%, (c)4.5k, (d) 3k,

Ans. : (b)
Solution: For high temperature all number are excited so degree of freedom for diatomic

molecule is 7.

2 oT
Q64. When an ideal monoatomic gas is expanded adiabatically from an initial volume ¥ to

Internal energy is kaT, U= 7kBT, C, :(G_Uj = 3.5k,
2 Vv

. . i
3V, its temperature changes from 7 to 7'. Then the ratio — is
0

2 i
1 1)3 1)3
a) = b) | = C) | = d) 3
@ o (3) @3] @
Ans. : (b)
Solution: For adiabatic process PV" =k, T,V * =k

il s
]z)Voy—lzT(SVO)y—le:% E { :T:]B(EJ l
3V, 3

. 5
For monoatomic gas y = o

§—1 2 2/3
HO(; > BN T
3 3 T, 48
Q65. A box of volume ¥ containing N molecules of an ideal gas, is divided by a wall with a
hole into two compartments. If the volume of the smaller compartment is % the
variance of the number of particles in it, is
N 2N JN
(@ ()= (©) VN ()~
3 9 3
Ans. : (b)

: - L : 14 1
Solution: Probability that one particle is in smaller compartment having volume 3 SO p= 3
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Q66.

ADnS. :

There are only two options either particle is in left half or right half, so for one particle

distribution is Bernoulli for Bernoulli’s distribution O'Zzp(l—p). For N particle

distribution is

o’ =Np(1—p)=N%x(1—%j, o2 2N

9

A gas of non-relativistic classical particles in one dimension is subjected to a potential

V(x)=alx| (where a is a constant). The partition function is (,8 = lej
B
() 3 2h2 () 3 2h2 () 3 2h2 () ﬂ3a2h2
(c)
1% o PR 1 a2 -2
Solution: z:ZJ;e kapox[oe K dx :;(ZEka) Le M dx
27[ka 1/2 » aM
z :( h2 j _.!; kT dx
®© a‘x‘ 0 Lo ax
Ie T dx = Ie "de+je Mdy k—T+k—T=—2kT
el b 0 a « a
1
2amkT \'* ( 2kT 8zm )2 1
z= 2 =l 72032 | put f=—
h a h"fBa kT

Q67.

Ans, :

The internal energy E(T) of a system at a fixed volume is found to depend on the
temperature 7 as E(T)=aT* +bT*. Then the entropy S ('), as a function of temperature,
IS

(d)2aT + 26T

(@) %aTZ +%bT“ (b) 24T + 4bT*

(©)

(c) 2aT+%bT3

Solution: From first law of thermodynamics,

T7dS =dE + PdV dE =TdS —PdV , itis given dV =0
dE =TdS = dS =%dE
E=aT?+bT* = dE = 2aTdT + 4bT3dT

4pT?

ds = %(ZaTdT n 4bT3dT) — 2adT +4bT?dT = 2aT +
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Q68. Consider a gas of Csatoms at a number density of 10" atoms/cc. when the typical inter-

particle distance is equal to the thermal de Broglie wavelength of the particles, the
temperature of the gas is nearest to (Take the mass of a Cs atom to be 22.7x10* kg)
(@) 1x10° K (b)7x10° K (€)1x10° K (d) 2x10° K

Ans. : (d)

Solution: When de Broglie wavelength = thermal wavelength

g3/2 (z) =2.61

3 2/3 2
(2amky"2 =N ok = (ﬂj L
v 261 V) (261
2/3 a2
o 1 (e P 1(10")" (6.6x10°*)
27mk (261)*°  2x3.14x22.7x107% x1.38x10 % x(2.61)*"°
(6:6)"x10°x107% x10% (6.6)" x107
6.28x22.7x1.38x(2.61)""°  6.28x22.7x1.38x(2.61)*"°

_0221x107 0221

& 107 =0.116x10"" =1.16x10"°
(2.61) 1.895

NET/JRF (DEC-2016)

Q69. The partition function of a two-level system governed by the Hamiltonian
H :{ X _5} IS
—5 ¥
@) 2sinh(pa/72+52)
(b) 2cosh(ﬁ«/72+52)
(c) %[cosh(ﬂ«/yz +0° )+sinh(ﬂ«/y2 +0° )]
(d) %[cosh(ﬂ«/72+52)—sinh(ﬁ«/yz 152 )}
Ans. : (b)

-0
Solution: H :{ 4 }
-5 -y
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The eigen value is given by E, =+/y*+5> and E, = —«/yz +6°

Z= trace(e‘ﬁ”) —e By = g PN ( =2cosh 7> +6°

Q70. Consider a gas of N classical particles in a two-dimensional square box of side L. If the

total energy of the gas is E, the entropy (apart from an additive constant) is

L’E LE INE E
a) Nk, In b) Nk, In c) 2Nk, In d) Ik, In| =
@ (N] o M0 2E) @ B(N]() n[ %]

s.:(c)

2
Solution: Z,, M ir=%
]ﬂ h N
7 _ 1 re] 27zm_1
Y IN| N h?

2 2
InZ:—In|1_V+NIn(LNEJ :—NInN+N+Nln(LNE)

I’E
S F==kTInZ = NkTIn N = NkT — NkT In N
E = NkT

i _ 2
S=U F=E F:Nk—NklnN+Nk+Nkln L'E
yii i N

—Nkm(ﬁ Neln (ij . (Lf]

Q71. Consider a random walk on an infinite two-dimensional triangular lattice, a part of which

is shown in the figure below. /\/\/\/

If the probabilities of moving to any of the nearest neighbour sites are equal, what is the

probability that the walker returns to the starting position at the end of exactly three steps?

1 1 1
() % (b) 2_16 () s @
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Ans. : (c)
Solution: For walker to return to starting position it must move along an equivalent triangle in
three steps.
For steps one any movement can result in equilateral triangle.
For step two, two out of six options will form equilateral triangle.
For step three, only one out of six options will form equilateral triangle
2 1 1

Total probability =§><—><_=_
6 6 6 18

Q72. An atom has a non-degenerate ground-state and a doubly-degenerate excited state. The

energy difference between the two states is & . The specific heat at very low temperatures

(Be>1) is given by

(a) ky (Pe) (b) kye ™ (€) 2k, () e (d) K
Ans. : (c)
Solution: Assume energy at ground state is 0 and energy at first excited state is €. The partition

function is Z =1+ 2¢’<

Energy = Ze—e_ﬂe
(1+ Ze"ﬂe)
oy 2€¢ T (-e)ay 2ee e 2
Specific heat, C, :(a j = o kT

L \2
T), = -
1+2e 14 2¢H7

CV:Zk(ﬂe)ze’ﬁe, pe>xw
Q73. The electrons in graphene can be thought of as a two-dimensional gas with a linear

energy-momentum relation E:|ﬁ|v, where f?=(px,py) and v is a constant. If p is the

number of electrons per unit area, the energy per unit area is proportional to
@ p** (b) p () p° (d) p°
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Ans. : (a)

Solution: The number of k£ state inrange k to k+dk:

2
In 2D, it is given by g(k)dk:(zij 2kdk
T

Since, dispersion relation is £ =|P|v = ik
2 2
g(E)dE:ZX(L] ZE—EdEZ :—L2 5
27 (hv) Thoy

The number of electronat 7 =0°K is

Ep L2 Ep L2 N
N = j g(E)d(E)zm I EdE ZWE; = 27Z'h2V2.?=Ef_
0 0
E2 =270 p ( o= %)

The average energy at 7 = 0K is

= L Ej E*dE = G
« N Nzh®v? 3 AN zh*?
2 2
Eav :3]v147xz7z_h2v2p lzﬂhzvzpl/Z ziiN /27Z_hvp3/2
h'y
E NE
2

2 — E
L2 L _ 27[hvp3/2 j?mpwz

3

NET/JRF (JUNE-2017)

Q74. A thermodynamic function
G(T,P,N)=U-TS+PV
is given in terms of the internal energy U , temperature 7', entropy S, pressure P,
volume 7 and the number of particles N . Which of the following relations is true? (In
the following 4« is the chemical potential.)
oG oG oG oG
(@) S=-—~ (b) §=== ©V=-== @) u=-=2
or N.P or N.P opP N.T ON PT
Ans. : (a)

Solution: G=U-TS+ PV
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Q75.

dG =dU —Tds —sdT + PdV +VdP =TdS — PdV —TdS — SdT + PdV +VdP
dG =-SdT +VdP

[GG] =-S and a—G
N,P opP

_ =V
oT

N, T

A box, separated by a movable wall, has two compartments filled by a monoatomic gas

of Ce =y . Initially the volumes of the two compartments are equal, but the pressures are
V

3F, and P, respectively. When the wall is allowed to move, the final pressures in the two

compartments become equal. The final pressure is

N % 1 o, Y
G R DERNCE G OL R F- ok

Ans. : (¢)
Solution: V, +V, =2V, V,=2V -V,

3RV =PV, RV =PV,
RV’ =P(2V-V.)
From (i) and (i1)

Y
3 | @ U AN 11, :2V—V1:2_V_1:>V1:—2V
2V -V, 2V, 31 14 (1+1/3"7)

put the value of 7, in (i)

3PV’ = P(lj%jy = P= 321;0(1+1/31’7 ) = gj(u 37y

Q76. A gas of photons inside a cavity of volume V7 is in equilibrium at temperature 7. If the
temperature of the cavity is changed to 2T, the radiation pressure will change by a factor
of
(@ 2 (b) 16 (c) 8 d) 4

Ans. : (b)

Solution: For 3 dimensional system P oc T*

4
%:(%Tj — P,=P2"=p,x16 =16P,
1
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Q77. In a thermodynamic system in equilibrium, each molecule can exist in three possible
states with probabilities 1/2, 1/3 and 1/6 respectively. The entropy per molecule is
@) k,In3 @)%kﬂn2+§kgn3
(©) %kB In2+%kBIn3 (d) %kBIn2+%kBln3

Ans. : (c)

Solution: S =—k,»_ Piln Pi

Q78.

Ans,

ﬁ:%,g=ﬂ3mdg=ﬂﬁ

AS=—k3(%hﬂj2+1/3m1/3+1/6m1/6j-

=—k, (%(Inl— In 2)+%(Inl— In 3)+%(In1— In6)

::@[1m2+1m3+1m2+1wm}:kBPhn2+1m2+1m3+1m3}
TN N 6 @ 6
S:k8[3ln2+ln2+2In3+ln3} =k3(4|n2+3|n3):kBEInZvL%IM}

6 6 6 6

The single particle energy levels of a non-interacting three-dimensional isotropic system,

labelled by momentum %, are proportional to £°. The ratio P/ e of the average pressure

P to the energy density < at a fixed temperature, is
(@ 1/3 (b) 2/3 (1 (d) 3

. (c)

Solution: E o p*, where p is momentum

P =£(£j, where P is pressure
3\V

P s

—OoC —

E 3

In problem, E o k*, 50, s =3

pressure P :§(£j = P« (Ej at fixed 7.
3\V V
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Q79. The Hamiltonian for three Ising spins S, S; and S, , taking values +1, is
H=-JS,(S5,+5,)
If the system is in equilibrium at temperature 7', the average energy of the system, in

1

terms of S =(k,T) ", is

1+cosh(24J)
(a) —m (b) —2J[1+ COSh(ZﬂJ)]
sinh(28J)
© =215 (@) _2J1+ cosh(24J)
Ans. : (d)

Solution: H =—JS,(S,+5,)=—J (8,5, +5,S,) S,=11 §, =48, =+1

S, S, S, E

1 1 1 — 94
-1 1 1 2J
1 -1 1 0
-1 -1 1 0

1 i il 0
-1 1 -1 0

1 -1 -1 2J
-1 o -1 —2J

E,=2J g,=2
E,=0 g, =4
_ﬂE
3 e
2.ge”
[ _0+272e +(2))2 4 (e =¢*") _(8)(-sinh2pJ)
4427 4267 4+2(e* +e™)  4+4cosh2p)

(U)=- 2Jsinh28J
1+cosh243J
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NET/JRF (DEC - 2017)

Q80. A monoatomic gas ‘of volume ¥ is in equilibrium in a uniform vertical cylinder, the

lower end of which is closed by a rigid wall and the other by a frictionless piston. The
piston is pressed lightly and released. Assume that the gas is a poor conductor of heat and
the cylinder and piston are perfectly insulating. If the cross-sectional area of the cylinder

is A, the angular frequency of small oscillations of the piston about the point of

equilibrium, is
(a) /5g4/(3V) (b) \J4g4!(3V) (© %/gA/V (d) \J7g4!(5V)
Ans.: (a)

7
Solution: PV” =(P+AP)(V ~AVY = PV’ = P(l+%) v (1_ﬂj

S
v e
= pyr =pyr (14201220 S (14 281 AF ) g L1428 (12 ) g
P v P % P v

Q

AV AP AP AV

1+y—+—+y———-=1 i
A R N M
For small oscillation, also neglect RE AV
PV
T F  mg
From equilibrium P = —=—=
A4 A
AV mg Adx

A.

; AP
From (1), weget—=—y— ,AP- A=—ymg. AV ,AP- 4 =—y—=.
(i), we g 7 - ymg VR
AP.A:_]/mgdx

= 784 and }/=§ :>a)=‘/§ﬁ.
V 3 3

Q81. The relation between the internal energy U , entropy S, temperature 7', pressure p,

4 =F=-L"8 gq¢
v

volume V', chemical potential # and number of particles N of a thermodynamic system

is dU =TdS — pdV + udN . That U is an exact differential implies that

0 oT oU oU
@ -2 =2 ) pZ| —s9Z
oSlyy  OVlsy oT |5 Vs
oU 10U 0 oT
© por| =-22= @ ==
oT | T ovis, oSly v OVl
Ans. : (a)
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Solution: df = Adx+ Bdy + Cdz
If f is perfect differential then, A=T,B=—-p, C=u
x=8Sy=V,z=N

o) (2)

). \x),,
SRR
oz),, \ox ), ez ), \oy

)1
v ), \as),,

Q82. The number of microstates of a gas of N particles in a volume 7 and of internal energy

U, is given by

Q(UVN)=(V=Nb) (%TN’Z

(where a and b are positive constants). Its pressure P, volume ¥ and temperature 7',
are related by

(a) (P+%)(V—Nb) = Nk,T (b) (P—‘I’/—]Zj(V—Nb) = Nk,T
(c) PV = Nk,T (d) P(V —Nb)=Nk,T

Ans. : (d)

3N

Solution: Q(u,v, N)=(¥ - Nb)" (%) i

S:kan:Nl{ln(V—Nb)JrEIn(ﬂﬂ
2 N
dS=ldU+£dV
T
(G_SJ =1 :U:ENkT
ou), T 2
(asj P P Nk
_— = — =
ov), T T (V—Nb)

P(V —Nb)= NkT
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Q83. A closed system having three non-degenerate energy levels with energies £=0, €, is

at temperature 7. For e=2k,T , the probability of finding the system in the state with

energy E=0,is
1 1 1 1
) ——M— b) —— c) —cosh?2 d
@) (1+Zcosh2) (b) (Zcoshz) © 2 @ cosh 2
Ans. : (a)
- e T 0T
Solution: Partition function is z =1+(e” +e”):> z=1+42 % =1+ 2coshkiT

Probability that system has energy, £ =0
1

P(E=0)=—"——
1+2cosh <

kT
put e=2kT

1
"~ 1+2cosh?2

Q84. Two non-degenerate energy levels with energies 0 and € are occupied by N non-

P(E=0)

interacting particles at a temperature 7'. Using classical statistics, the average internal
energy of the system is
N e N e —elkyT 3
@ -—— b) — (c) Nee =™ (d) =Nk, T
(1+ee/kBT) (1_ee/kBT) 2 B

Ans. : (a)
Solution: For one particle

eexp(—ej
kT

—€

Quantum mechanical energy is, (U) =

1+ e
N eexp(—:TJ N
For N particle, (U)= =(U)= <
1+ EXP(—E) 1+ exp(ej
kT kT
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Q85. Consider a quantum system of non-interacting bosons in contact with a particle bath. The
probability of finding no particle in a given single particle quantum state is 10°. The
average number of particles in that state is of the order of
(a) 10° (b) 10° (c) 10° (d) 10*

Ans. : (b)

NET/JRF (JUNE-2018)
Q86. Which of the following statements concerning the coefficient of volume expansion «

and the isothermal compressibility « of a solid is true?
(a) a and « are both intensive variables

(b) « isan intensive and « is an extensive variable

(c) a isan extensive and « is an intensive variable

(d) « and « are both extensive variables

Ans.: (a)
Solution: « :i(d—VJ, K=—£(6—PJ both are intensive property
y\dr VoV ),

Q87. The number of ways of distributing 11 indistinguishable bosons in 3 different energy

levels is

13)! (11)!

a) 3" b) 11° ¢ (w)r d) 2

@ (®) © 21(11)! (@) 318!
Ans. : (c)

Solution: n=11 g=3

|n+g-1 [1143-1 |13
lng-1 12 12

Q88. The van der Waals equation for one mole of a gas is [p+%j(V—b)=RT. The

corresponding equation of state for » moles of this gas at pressure P, volume ¥ and

temperature 7', is

@) [P+L;LSJ(V—nb)=nRT (b) (P+%J(V—nb)=nRT

(c) (P+C;LSJ(V—nb):nRT (d) (P+%](V—nb):nRT
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Ans.: (a)

Solution: For » mole gas van der Wall equation is
al’l2
[p+7J(V—nb):nRT

Q89. In a system of N distinguishable particles, each particle can be in one of two states with

energies 0 and —FE , respectively. The mean energy of the system at temperature 7' is

(a) —%N(l+eg”‘BT) (b) —NE(L1+¢°" )
(©) —% NE (d) -NE (1+ e-g’kﬂ)
Ans. : (d)

Solution: For one particle system
;0
~ OxekBT +(_E)e+E/kBT ~ —E eE/kBT —E

<E>_ 0Tk T . _Ek,T = EIT . _ElkT <E>= _]—\;E/'kT
e fettts 1+e™'" e 41 l+e '™

Q90. The pressure P of a system of N particles contained in a volume V' at a temperature T

is given by P = nkBT—%anz +%bn3, where n is the number density and « and b are

temperature independent constants. If the system exhibits a gas-liquid transition, the
critical temperature is

2 2

a a a a
@ 5 ®) 0 © a1 @ 5

B

Ans. : (c)

. 1 4
Solution: P =nk,T —=an’ +=bn’ nzﬁ
2 14
62

P=0

For critical condition S—P =0 and

2 3
PN LN 1, N
V 2 V° 6V

(i)
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o°P SmVZ_ZhN3

7= 0= 2Nk,T = Pz (i)
From equation (i) and (ii)
bN
Vo=—
a

put the value of V. = éN in equation (i)
a

2
a

T=
2k b

Q91. Consider a particle diffusing in a liquid contained in a large box. The diffusion constant
of the particle in the liquid is 1.0x107¢m?® / s. The minimum time after which the root-
mean-squared displacement becomes more than 6 cm is
(@) 10 min (b) 6 min (c) 30 min (d) V6 min

Ans. : (a)

Solution: <r2> =6Dt

— (r.m.s)2 = ((Sc.m)2 D =1x10"2c.m? I sec

() (e |
t= = — =600 sec =10 min
60 6x1x10

Q92. A thermally insulated chamber of dimensions (L,L,ZL) is partitioned in the middle. One

side of the chamber is filled with » moles of an ideal gas at a pressure P and
temperature 7', while the other side is empty. At ¢ =0, the partition is removed and the

gas is allowed to expand freely. The time to reach equilibrium varies as

[
|
|
Ll |PT :
|
|
|

v

&
<«

2L
(a) nl/3LflT1/2 (b) nZ/BLT&/Z (C) nOLTflIZ (d) anlTIIZ

Ans. : (c)
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2
: I m\v _ 3kT .
Solution: From Kinetic theory of gases <F>=¥=Mu 2 =%7 where nM =m M is
molecular mass
t2=LT=t=LT"?
Q93. The maximum intensity of solar radiation is at the wavelength of A ~50004 and

corresponds to its surface temperature 7. ~10* K. If the wavelength of the maximum

sun

intensity of an X -ray star is 54, its surface temperature is of the order of

(a) 10° K (b) 10 K (c) 10° K (d) 10" K
Ans. : (d)
Solution: From Vein’s law, T, A, =constant

0 4 _g 9
50004, x10" =54 xT

~ 5000x10°
5

T T=10"K

NET/JRF (DEC - 2018)

Q94. The heat capacity C, at constant volume of a metal, as a function of temperature, is

aTl + BT°, where « and S are constants. The temperature dependence of the entropy at

constant volume is

(a) aT+% pT? (b) aT + pT*?
L Lori L
Ans.: (a)

Solution: C, = T + BT®

_dQ _ C,dT
T

de:j(mﬂTz)dT

ds

S=aT+%,BT3
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Q95. The rotational energy levels of a molecule are E, :Zh—lf(f +1), where £=0,1,2,... and
0

1, is its moment of inertia. The contribution of the rotational motion to the Helmholtz

free energy per molecule, at low temperatures in a dilute gas of these molecules, is

approximately

72 _#
a) —k,T| 1+ b) —k,Te """
(a) B( IokBT) (b)—kyTe
— hz
(c) —k,T (d) —3k,Te ™"
Ans. : (d)

2
Solution: E, :h—€(€+1) (=0,12,...
21,
-2 1+1)

=3 (20+1)e *o
/=0

l

~R24(1+1)

2=1+3 (20 +1) ¢ 247

(=0

(=1

w )
F=~k;T'Inz=—k;TIn [1+ > (20+1) e P ]

2
|n(l+x)=x—x?+...

For low temperature, higher temperature can be neglected

" —120((+1) _n? R
F=—k,TY (20+1) e "7 =—k,T|3 """ 4. | =3k, T e ™"

(=1

Q96. The vibrational motion of a diatomic molecule may be considered to be that of a simple
harmonic oscillator with angular frequency @ . If a gas of these molecules is at
temperature 7', what is the probability that a randomly picked molecule will be found in

its lowest vibrational state?

ho B ho

(@) 1—e " (b) e 27 (c) tanh ( :“;j (d) %cosech ( ZT}J

B B
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Ans.: (a)

Solution: E = (n +%]ha} n=0,12,.

-ho -3ho —5hao
o= o2kl 4 2kl | okl
_hw ~ho
2k,T o2hal 1 ;L}aj
P(GS) = ha -3ha —ha —hw 1 =1-e™
eZkBT +eZk3T + .. eZkBT [l_’_ekﬁT +J “ho
1_ekb.T

Q97. Consider an ideal Fermi gas in a grand canonical ensemble at a constant chemical
potential. The variance of the occupation number of the single particle energy level with

mean occupation number 7 is

1
a) m(l-7 b) c)n &y
@ w(1-7) (0 ©) N
Ans. : (a)
o 1( oz _ 1
Solution: 7 _kBT;(aj” —WM
Variance = kBT(ﬂj =n(1-n)
Al Jyr

Note: This may also be divided using simple Bernoulli distribution.

Q98. The Hamiltonian of a one-dimensional Ising model of N spins (N large) is

H=-J ﬁ: 0,01
i=1

. . . i 1
where the spin o, =+1 and J is a positive constant. At inverse temperature ﬂ:k—T,
B

the correlation function between the nearest neighbor spins (o,0,.,) is

@ )™
(eﬂ T e )
(c) tanh(BJ) (d)coth(BJ)
Ans.: (c)
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>: Z;i'i-Hl _ ZO-][\/:O-[+1N>>1:% (I)

For such an Ising model for N >>1

Solution: (o, - o,

i+l

z=(cosh gJ)"

Average Energy = = Inz
op

=-N L sinh gJ-J
cosh pJ

=—NJ tanh gJ (i)
—Njtanh g3 )
-0,,)=————-=tanh
<O-l O-l+l> —]N ﬂ]
Q99. A particle hops on a one-dimensional lattice with lattice spacing «. The probability of
the particle to hop to the neighboring site to its right is p, while the corresponding

probability to hop to the left is g=1-p . The root-mean squared deviation

Ax:1/<x2>—<x>2 in displacement after N steps, is
q9 p

V '

& ! ! ! ! ! ! !
<« T T T T T T T

0

(8) a/Npg (b)aN/pg (c)2a\/Npq (d)av/N

Ans. : (c)

v

Solution: The standard deviation of Binomial distribution = \/Npg
Step size = 2a (L&R)
Mean square displacement = Za\/m
Q100. The energy levels accessible to a molecule have energies £, =0, E, =A and E; =2A

(where A is a constant). A gas of these molecules is in thermal equilibrium at

temperature 7. The specific heat at constant volume in the high temperature limit

(k,T > A) varies with temperature as

1

(@ g

1 1 1
®) = ©) - @) —=

H.No. 40-D, Ground Floor, Jia Sarai, Near I11T, Hauz Khas, New Delhi-110016
Phone: 011-26865455/+91-9871145498

Website: www.physicsbyfiziks.com | Email: fiziks.physics@gmail.com

297



fiziks
LISIK2

fiziks

Institute for NET/JRF, GATE, IIT-JAM, M.Sc. Entrance, JEST, TIFR and GRE in Physics

Ans. : (d)
Solution: z=¢" el 4 g2 hT <<1
B
=14 e MhsT | 20 ksT
A=—k,TInz=—k,TIn[1+e """ 20 ]
A=—k,TIn|1+1- A et 1- 2A
kT k,T
=—k,TIn| 3- 3A
k,T
6_A:_kB 1In{3— 3A}+T~ - 3A2
or T8 kT
k,T
2 _ -2
*h_ 13A 3, 13A A3 3 (_1){3_ 3Aj 3
or 3. 3A kTP g 3A kT kT kyT ) kT
kT kT
_ kA kA
T(k,T-A) T-k;T?
0’4 1
CV = — 6T2 _(Z—z
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