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QUANTUM MECHANICS SOLUTIONS
GATE- 2010

Q1.  Which of the following is an allowed wavefunction for a particle in a bound state? N is
a constant and «, > 0.

ar

e —ar
@ =N+ (b) y=N{-e)
_ - —plx?eytez?) _ Jnon - zero constant if r <R
(¢) = Ne™e (d)‘/"{o if >R
Ans: (c)

Q2. A particle of mass m is confined in the potential

lmwzxz, forx>0
V(x) =42

00 , forx<0

Let the wavefunction of the particle be given by
w(3)=——= v+,
O]
where y, and y, are the eigenfunctions of the ground state and the first excited state
respectively. The expectation value of the energy is
31 25 13 11
a) —h b) —nh c) —h d) —n
@ gt () Jghe © o™ (@ jphe
Ans: (a)

Solution: For half parabolic potential

Ey=2ho, E =~ ho =(E)= 13 5 o=t ha.
2 2 52 52 10

. W, . . =2 . .
Q3.  For a spin-s particle, in the eigen basis of § , §_ the expectation value <sm| S? |sm> is

() hz{s(”zl)_mz} (b) 5> {s(s +1)—2m*}
(©) m*{s(s +1)—m?} (d) W2m?
Ans: (a)
Solution: <sm|Sf |sm> =i<sm|(S+ —|—S_)2 |sm> =%<sm|S+2 + 52 +S5.85 +S S, |sm>
1 n’ 2 . _ 2 2
= (sm|S.S +55. | sm) =7[S(S+l)—m ] (5.5 +5.8, =2(s2-57)]

H.No. 40-D, Ground Floor, Jia Sarai, Near IIT, Hauz Khas, New Delhi-110016
Phone: 011-26865455/+91-9871145498

Website: www.physicsbyfiziks.com | Email: fiziks.physics@gmail.com




fiziks

Institute for NET/JRF, GATE, IIT-JAM, M.Sc. Entrance, JEST, TIFR and GRE in Physics

LISICR

Q4.

Ans:

Solution: E! :EJL'V0 Sin2_7zxdx =0: E? = zK
Ly L ’

Q5.

Ans:

Q6.

Ans:

A particle of mass m is confined in an infinite potential well:

0, if0<x<lL,

00, otherwise.

It is subjected to a perturbing potential V, (x)=7, sin(szj 7(x)

within the well. Let £” and E® be corrections to the ground

state energy in the first and second order in ¥, respectively.
Which of the following are true?

(@) EV =0,E® <0 ) EV >0,E® =0
(c) EY = 0; EY depends on the sign of V;, (d) EY < 0; EY <0
(a)

v Vel
m#l El _Em

GATE-2011

v E, <E, so Ef =—ve.

The quantum mechanical operator for the momentum of a particle moving in one

dimension is given by

(@) m% (b) —m% (©) inl

ot
(b)
An electron with energy E 1s incident from left on a potential
barrier, given by
0, for x<0
V(x)=
Vs, for x>0

as shown in the figure. For £ < V;, the space part of the

wavefunction for x > 0 is of the form
(a) e” (b) e (c) &
(b)

Solution: " E <V, so there is decaying wave function.

K d?
d -4
(d) 2m dx?

(d) e*iax
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Q7. IfL,, L,and L. are respectively the x, y and z components of angular momentum operator
L. The commutator [L, L, L.] is equal to
(a) in(L2 + 1) (b) 2iAL. (c) in(2 - 1) )0

Ans: (c)

Solution: |L L, L. |=L[L,L.]+[L..L.]L,=in(2% - I2)

y)

Q8. The normalized ground state wavefunciton of a hydrogen atom is given by

1//(r)= L2 e”"'“, where a is the Bohr radius and r is the distance of the electron

\/E a3/2

.. . I,
from the nucleus, located at the origin. The expectation value <—> 1s

2

r
8 4 4 2
a) — b) — c) — d) =
()a2 ()a2 (©) — ) —
Ans: (d)
o 2 zog
Solution: <L2> __4 3 jizrze “dr| [sin@ dO d¢ =%
r 4ra or 00 a
Q9.  The normalized eigenstates of a particle in a one-dimensional potential well
0 if0<x<a
V(x)= .
0 otherwise
are given by v, (x)= \/zsin(ﬂj , Wheren =1,2,3,....
a a

The particle is subjected to a perturbation

Vocos[ﬂj, for 0<x<=
a 2

V(x)=
0 , otherwise
The shift in the ground state energy due to the perturbation, in the first order perturbation

theory,
2V, V. v 2y
a 2 b) 2 c) —— d) ——=
()37z ()37z ©) 3z @ 3z
Ans: (a)
al2
]
al2 al2 sSinn” —
Solution: E| = .['//:V'(x)yldx _2 I sinz[ﬂJVo cos[ﬂ}ix =£Vo al _2h
0 a s, a a a 37 RY/4

Common data questions Q10 and Q11
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In a one-dimensional harmonic oscillator, ¢,, ¢, and ¢, are respectively the ground, first

and the second excited states. These three states are normalized and are orthogonal to one

another y, and v, are two states defined by

Yi=00 =20 +30,, Vo) =@ =P+ 00, ¥, =0y = ¢ tap,
where o is a constant
Q10. The value of & which y, is orthogonal to y, is
(a)2 (b) 1 (c)—1 (d)-2
Ans: (c)
Solution: For orthogonal condition scalar product (l//z,l/ll ) =0,s01+24+3a=0=>a=-1
Q11. For the value of a determined in Q10, the expectation value of energy of the oscillator in

the state v, is

(a) ho (b) 3hw/2 () (d) 9w/ 2
Ans: (b)
ho 3o | sho
Solution: y, = ¢, — ¢ +ag, put a=-1,(H)= (alHlya) —2 2 2 30
(y2lv2) 3 2
GATE- 2012

QI12. A particle of mass m is confined in a two dimensional square well potential of
dimension a. This potential V(x, y) is given by
Vix,y)=0for-a<x<aand-a<y<a
= oo elsewhere

The energy of the first excited state for this particle is given by,

i h? 27 h? 57h? 47’ h?
(a) 5 (b) 5 (©) 5 (d 5
ma ma 8ma ma
Ans: (c)
222 222 222
Solution: E:(n§+nz)L2 =(n§+nﬁ)ﬂh o7 h2 wn,=ln, =2,
7 2m(2a) 8ma’ 8ma g
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Q13.

Ans:

Consider the wavefunction y = y(7,,7, )y, for a fermionic system consisting of two spin-

half particles. The spatial part of the wavefunction is given by
.o 1 “\, (= N\, (=
‘//(Vlarz)z E[¢1(’”1)¢2(”2)+¢2(7’1)¢1(Vz)]

where ¢ andg, are single particle states. The spin part ¥, of the wavefunction with spin

states cr(+1/2)and(-1/2) should be
(@ %(aﬂwa) (b) %(aﬂ—ﬂa) (©) aa @) 8
(b)

Solution: Since 1/1(7”1,7”2) is symmetric the total wavefunction must be antisymmetric for fermions

Ql4.

Ans:

so spin part must be antisymmetric.

A particle is constrained to move in a truncated harmonic potential well (x > 0) as shown
in the figure. Which one of the following statements is CORRECT?

(a) The parity of the first excited state is even V( )

(b) The parity of the ground state is even >

(c) the ground state energy is %ha)

(d) The first excited state energy is %ha)

(d)

Solution: There is only odd parity. Ground state is %ha) and first excited = %ha)

Q15.

Ans:

Consider a system in the unperturbed state described by the Hamiltonian, /4, =G) ?j

o 0
The system is subjected to a perturbation of the form H' =(5 5}, where 6 <<1. The

energy eigenvalues of the perturbed system using the first order perturbation

approximation are

(a) 1 and (1 + 25) (b) (1 +5) and (1 - 9)
(c) (1+25) and (1 - 29) (d) (1+ ) and (1 - 29)
(a)
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Solution: Hy+ H', H) is degenerate so after using degenerate perturbation through diagonalized

, 2 0 1 0 2 0
H'one will get H' =6 , H= +0 :
0 0 0 1 0 0

So E=1+26and 1+06.

Ql6. The ground state wavefunction for the hydrogen atom is given by

Vi = /—4” a

density, P(r) for the hydrogen atom in the ground state is

(a) P(r)’\ (b) P(r)

r/a, r/a,

3/2
1 (Lj e’ , where a, is the Bohr radius. The plot of the radial probability

© P@) (d) P

1/a, r/a,

Ans: (d)

1 1 372
Solution: The ground state is given by g =—— — | e"/®
N4z \ ao

Radial probability function

P(r)= |W|2r2:LL3r26—2r/a0
T ag

P(r)

: /
Common Data for Questions 17-18 20

The wavefunction of particle moving in free space is given by, y = (e”‘" + 2e‘”°‘)

Q17. The energy of the particle is

5h%k* 30°k? hik? hik?
(b) (c) (d)
2m 4dm 2m m

(a)

Ans: (c)
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. R A LR VR
Solution: Hy =Ey , Hy = S = [(zk)(zk)e’“+2(—zk)(—zk)e k"}
272 272
:>Ht//:h k (e"k)‘+2e*2"'“):h k %
2m 2m

Q18. The probability current density for the real part of the wavefunction is
hk hk
(a) 1 (b) — (c) —— (d)0
m 2m

Ans: (d)
Solution: The real part of the wave function y/,..; = coskx + 2 coskx

Current density for real part of wave function =0

GATE- 2013
Q19. Which one of the following commutation relations is NOT CORRECT? Here, symbols

have their usual meanings.

@ |2.L.]=0 ®) |L..L, |=inL.
© [L..L,]=nL, d[L.,L ]=nL
Ans: (d)

Q20. A proton is confined to a cubic box, whose sides have length10™">m . What is the

minimum kinetic energy of the proton? The mass of proton is 1.67x107 kg and

Planck’s constant is 6.63x 107 Js .

(a) 1.1x107""J (b) 3.3x107"7J (c) 9.9x1077J (d) 6.6x107"7J
Ans: (c)
232
Solution: —=9.9x10"
2ma

Q21. A spin-half particle is in a linear superposition 0.8‘ T>+ 0.6‘ ~L> of its spin-up and spin-
down states. If ‘T> and ‘¢> are the eigenstates of o_, then what is the expectation value

up to one decimal place, of the operator10o, + 50, ? Here, symbols have their usual

meanings.

Ans: 7.6
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s 1) =41 ) =0s(g o} 01

1 0 0 1 10 5
Operator 4=100, +50, =10 +5 = 4=
0 1 0 5 -10

(A)=(w|dly)=(0.8 0.6)(10 > J[0'8j=(8.8—1.2)=7.6

5 -10){0.6
Q22. Consider the wave function 4e’*"(r,/r), where 4 is the normalization constant.
Forr =2r,, the magnitude of probability current density up to two decimal places, in

units of (Azhk/m) 1S

Ans:  0.25
Solution: J |W|2 fik |A|2 }"0 hk |A|2 7"0 hk |A|2 hk 025 |A|2 hk
m m
Common data questions 23 and 24
5 @AY
To the given unperturbed Hamiltonian |2 5 0
0 0 2
1 g 31
we add a small perturbation givenby ¢/1 1 —1| where ¢ is small quantity.
1 -1 1
Q23. The ground state eigenvector of the unperturbed Hamiltonian is
(@) (1/42,1W2.0) ) (1/42,-1/42,0)
(©) (0.0.1) (d) (1.0.0)
Ans: (c)
520 1 1 1
H,=12 5 0,H,=¢/1 1 -1
0 0 2 1 -1 1
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Eigen value of H, is E =2, E,=3,E,=7 and the Eigen vector corresponds

0 1 1

1 1
olg)=|0|, |4)=—F4|-1]. |&)=—2|!
1 \/5 0 ﬁ 0

Q24. A pair of eigenvalues of the perturbed Hamiltonian, using first order perturbation theory,
is
(a) 3+2&,7+2¢ (b) 3+2e4+2+¢ (c) 3,7+2¢ (d) 3,2+2¢

Ans: (c)

Solution: £/ =(¢|H,|¢)=1e = E, =2+1¢

W, ! 1 1
1
v =(¢|H, |¢2>—— -1 0)ell 1 —1|—|=1|=€(0 0 1)|=1{=0
V2 Lo 1) V2o 0
| L1y oy 1
Hylp)=—=(1 1 0)e[l 1 —1|—|1|=e—(2 2 0)1
= H,]4,) \/5 )& U NG . 2( )0

= E; = %(4)8 = ¢

E =2+le, E, =3+0¢, E, =7+2¢.

GATE-2014

Q25. The recoil momentum of an atom is p, when it emits an infrared photon of wavelength

1500nm , and it is p, when it emits a photon of visible wavelength 500nm . The ratio

Py
Ps

(al:1 (b)l:\/g (c)1:3 (d)3:2
Ans: (c)

is

Solution:pzﬁ ,p_Azi_B, As _ 500 _
AT p, A A, 1500

Q26. The ground state and first excited state wave function of a one dimensional infinite

potential well are y, and y, respectively. When two spin-up electrons are placed in this
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potential which one of the following with x,and x, denoting the position of the two

electrons correctly represents the space part of the ground state wave function of the

system?

<a>%wxl)rmxl)—wl(xz)%(xz)] a%[wl(xl>wz<xz>+wl<xz>wz<xl)]

<c>%[%(xl>w2<xl)+wl<x2>wz<xz>] <d%[wl<xl)%<xz)—%<xzwxl)b

Ans: (d)
Solution: From the given information only possible spin configuration is symmetric in nature so

space part will anti symmetric

%[l//l (xl )‘/’2 (xz )_ 4 (xz )Wz (xl )]

Q27. If Lis the orbital angular momentum and S is the spin angular momentum, then LS

does not commute with

(a) S. (b) 12 (©)S? (d)(Z +5f
Ans: (d)
Q28. An electron in the ground state of the hydrogen atom has the wave function
W(F):;e[“"] , where a, is constant. The expectation value of the operator
3
i,
A w —-1)!
Q=z>—r, where z=rcos@ is (Hint: J‘ e r'dr = |;1 = ( 1) )
0 an+ an+
[— a2 - 3612
(a) 20 (b)—a, ©— : (d) — 24,
Ans: (d)

Solution: <Q> <zz>—<r2> = a, -3a, =-2a;

Q29. A particle of mass m is subjected to a potential

V(x,y):%ma)z(x2 +y2),—oo <x<00,—0< y <o
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The state with energy 4% @ is g —fold degenerate. The value of g is
Ans: 4

Solution: This is two isotropic dimensional harmonic oscillator the energy eigen value for nth

state is £, = (n+1)hew with degeneracy g, = (n+1) so degeneracy for 47 is4.

Q30. A hydrogen atom is in the state

8 3 4
V= i':”zoo_ 7‘//310"‘ EWszl’

where n,/,m in v, denote the principal, orbital and magnetic quantum numbers,
respectively. If L is the angular momentum operator, then the average value of I’
is n’

Ans: 2

Solution: If Z* will measure on state i the measurement is 04> , 2i°and 6A” with probability

4

, — S0, <L2> =2h* x§+6h2 x —= 2h?
21 7 21

Q31. w,andy, are two orthogonal states of a spin % system. It is given that

Al 2(0 1 0 ) :
v, =—=| |+.=| . |, where and represent the spin-up and spin-down states,
J3lo 31 0 1

respectively. When the system is in the state y/, its probability to be in the spin-up state
is

Ans: %
3

1 0 1 0
Solution: Ifis y, =L + z ,then y, = % + l ,
NEURES 3lo) V31

o . .2
so probability that y, is in up state is 3

Q32. A particle is confined to a one dimensional potential box, with the potential

V(x)z{

0, O<x<a

0, otherwise
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If particle is subjected to a perturbation within the box. W = fx. Where fis small

constant, the first order correction to the ground state energy is
(@0 (b)ap/4 (c)ap/2 (d)ap
Ans: (c)

Solution: First order energy correction is <W> = ,B<x> . The average value of position in ground

state is <x> =— soansweris af3/2

NORN

Q33. A one dimensional harmonic oscillator is in the superposition of number state |n> given
1 V3
by [v) = 22) + 2 ).

The average energy of the oscillator in the given state is ho .

Ans: 3.25

1 5h The

3
4o
T ashe

4 4

Solution: Average energy will 4 2

Q34. If L,and L_are the angular momentum ladder operators then the expectation value of
(L.L_+L L, )inthestate |/ =1,m=1)of an atomis 4’

Ans: 2

Solution: (L, L +L_L,)=2(I* — L) =2(L(+1)=m>)h* = 21’
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GATE- 2015

Q35. An operator for a spin % particle is given by A=A6-B , where

B= %(fc + j/), o denotes Pauli matrices and A is a constant. The eigenvalues of A are
(a) +/1—B (b) £ AB (c) 0,4AB (d) 0,-AB
- ﬁ - 2 2

Ans.: (b)

Solution: 4=A15"J, Ezi@-*—ﬁ)

N

A= l(axBx +0,B, + O'ZBZ) = A= /1[O'XBX + O'yBy]

el e Il P

|A—i’l|:0:ﬂ—3{_ﬂ l_i}zozm':i/w

21+ =2

: : a1 . L _ .
Q36. The Pauli matrices for three spm—E particles are &,,0, and o, , respectively. The

dimension of the Hilbert space required to define an operator O = 0, 0,%X0, is

Ans.: 8

Solution: o, x o, has dimension of 4 and o,. o, X, has dimension of 2x4 =8

Q37. Let Land p be the angular and linear momentum operators, respectively, for a a particle.

The commutator le, p yJ gives

(a) —ih p, (b) 0 (c) inp, (d)in p,
Ans.: (d)
Solution: [ L. p, |=[p.~2p,.p, | =[wp..p, |~[2p,:p, | =[P, | P.

[py,py} =0 and [z,py] =0=> [Lx,py] =ihp, [y,py] =ih
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Q38. Consider a system of eight non-interacting, identical quantum particles of spin—%in a

one dimensional box of length L. The minimum excitation energy of the system, in units

Ans.: 5

Solution: spin % = degeneracy = (2S + 1) = (2 X % + lj =4

h’ Ar’h* 207°H°
oround = 4X 2 +ax 2 = 2
8 2mL 2mL 2mL

222 222 242 222
Bl = axET 4 3xq T g I s I
2mL 2mL 2mL 2mL

222 D9 222

Now minimum excitation energy AE = Eel,;;ited —E s =25 &7 gl p =52 U

2ml  2mL 2ml?
Q39. A particle is confined in a box of length L as shown in the figure. If the

potential V, is treated as a perturbation, including the first order

correction, the ground state energy is

2 2 2 2 *
(a)E:"”ﬁV0 (b)E:h”z-ﬁ v,
2mL 2ml* 2 rYoon
hor’ 47 Wr? v
©) E="S, @E=2 7+5
Ans.: (d)
L
2| % X I X
Solution: E! ==| |V, sin* ==dx + [ 0xsin® ==dx
0 0
Ll L & L

2

L L
Z 2
:>Eé=zﬂj'(l—coszﬂ N x—sin(zﬂ)i
L2y L L L )2r |,
2.2
:>E(§=&:>E:h7z2 Yy
2 2ml” 2
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Q40. Let the Hamiltonian for two spin-2 particles of equal masses m , momenta p, and p,

. - - 1 1 1 . ~
and positions 7, and 7, be H=—p’ +—p3 +—ma)2(r12 +r22)+ ko, -o,, where o,
2m 2m 2

and o, denote the corresponding Pauli matrices, im =0.1eV and k=0.2 eV . If the

ground state has net spin zero, then the energy (in el") is

Ans.: -0.3

< _ 1 2 1 2 1 2( .2 2 - -
Solution: H—%p1 +Ep2 +§ma) (”1 +7; )+k01.02

- — . = ) 2, AT - - =2 2 2
o=0,+02 =0 =0, +0,+201.00 =>201.0.=0 —0; —0,

= 201.02=0-31-3] =—6] = 51.02 =3

Now energy E:2x%ha)+k(—3) =3x(0.1)+(0.2)(-3)=-0.3¢eV

Q41. Suppose a linear harmonic oscillator of frequency @ and mass m is in the state

|l//>=%|:|l//0>+€i2|l/ll >} at t=0 where |l//0> and |(//1> are the ground and the first

. : . : | h :
excited states, respectively. The value of <1,// |x| y/> in the units of .[— at 1 =0 is
mae

Ans.: 0

Solution: |!//> _TD l//0>+e |V/1>}

Wlxlv) =l |5 (a+a")lv) = (v]xlv)= ((l//l lv)+(wla'|v))

i
2

caly)=gset ) and o'l ) 2 2|w2>}

-1 G

= Wlxly)=y5—(0)=0

i

o)

H.No. 40-D, Ground Floor, Jia Sarai, Near IIT, Hauz Khas, New Delhi-110016

Phone: 011-26865455/+91-9871145498
Website: www.physicsbyfiziks.com | Email: fiziks.physics@gmail.com
15



fiziks

Institute for NET/JRF, GATE, IIT-JAM, M.Sc. Entrance, JEST, TIFR and GRE in Physics

GATE-2016
Q42. Which of the following operators is Hermitian?
d d’ d’ d’
a)— b) — c)i— d) —
()dx ()dx2 ()ldxz ()0le

Ans. : (b)

Q43. The scattering of particles by a potential can be analyzed by Born approximation. In
particular, if the scattered wave is replaced by an appropriate plane wave, the
corresponding Born approximation is known as the first Born approximation. Such an
approximation is valid for
(a) large incident energies and weak scattering potentials.

(b) large incident energies and strong scattering potentials.
(c) small incident energies and weak scattering potentials.
(d) small incident energies and strong scattering potentials.
Ans.: (a)
Q44. Consider an elastic scattering of particles in / = 0 states. If the corresponding phase shift

5, is 90° and the magnitude of the incident wave vector is equal to +/27 fin™' then the

total scattering cross section in units of fin” is
Ans.: 2
Solution: & :j{—f > (2(+1)sin g, for /=0, itis given &, =90° and k =27 fm™

=0

o= n90=2
2w

Q45. A hydrogen atom is in its ground state. In the presence of a uniform electric field
E= E,z, the leading order change in its energy is proportional to (E0 )" . The value of

the exponent 7 is

Ans.: 2
Solution: First order energy correction is zero <‘//1,0,0 |Eor oS 9| ‘//1,o,o> =0

2
) ‘ Wotm | Eor €08 Oy ‘

So one need to find correction of second Y. < oo | TR | > o E?

n#l El _Em

Sovalueof n=2
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Q46. If s, and s,are the spin operators of the two electrons of a He atom, the value of

<§1 .§2> for the ground state is

3.5 3.5 |
a)——"h b) —Zh c)0 d) —#
() ®) - ©) @
Ans.: (b)
2 2 2
Solution: §:§1+§2’ s :l’S1 :l,SZO,I, <§1.§2>: S(S-i-l)h SI(S1 +1)h SZ(S2 +1)h
2 2 2
YN LIErT
.3 4 4 3.2
For s =1,(s,-5,)= =h
%) 2 4
orﬂ—jrﬂ—ihz 3
S=0, 3; '§ = =——h2
(5= 2

Q47. A two-dimensional square rigid box of side L contains six non-interacting electrons at

T =0K . The mass of the electron is m . The ground state energy of the system of

222
electrons, in units of - is
2mL
Ans.: 24
(P+17)2%n © (22+7) 27 a2
Solution: 2x 5 +4x > = ;
2mL 2mL 2mL

Q48. o0,,0, and o, are the Pauli matrices. The expression 20,0, + 0 0, is equal to
(a) =3io, (b) —io, (c) io, (d) 3io,

Ans.: (c)

Solution: 20,0, +0,0, >0,0,+0,0, +0,0, =>0,0,=i0,

Q49. If x and p are the x components of the position and the momentum operators of a
particle respectively, the commutator [x2 , pz] is
() if(xp — px) (b) 2in(xp—px)  (c)ik(xp+ px) (d) 2in(xp + px)

Ans.: (d)

Solution: [xz,pz]z p[xz,p]+ [xzp]p = 2ihpx + 2ihxp = 2ih(xp + px)
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Q50. Let

Ans.:

Solution: <1, 0

l,m> be the simultaneous eigenstates of I’ and L, . Here L is the angular
momentum operator with Cartesian components (L)C,Ly,LZ ),Z is the angular momentum

quantum number and m is the azimuthal quantum number. The value of

<1,0

(a) 0 (b) 7 (c)N2n (d) 31
(©)

(L, + iLy)

1,—1> is

(L, +iL,

L+

1,0) =~/2

1,-1)=~27(1,0

1,—1>:<1,0

Q51. For the parity operator P, which of the following statements is NOT true?
(a) PFr=pP (b) P> =-P (c) PP=1 (d) P' =P
Ans.: (b)

Q52. The state of a system is given by |l//> = |¢1>+ 2| ¢2>+3| ¢3>, where |¢1>,

¢2>and|¢3> form
an orthonormal set. The probability of finding the system in the state |¢2> is

(Give your answer upto two decimal places)

Ans. : 0.28
2? 4 4 2
Solution: Probability that y in state = = =—=—=0.28
YRRy )= T Teare 14
Q53. A particle of mass m and energy £, moving in the positive x v
0
direction, is incident on a step potential at x =0, as indicated in the P
figure. The height of the potential is V,,, where V, > E. At x=x, , '
where x, >0 , the probability of finding the electron is 1 times the ————-------- {---
e x=0 X=X,
2 -E
probability of finding itat x=0.1If o = Jm— V°2< , the value of x, is
h
2 1 1 1
(a) — (b) — (©) — (d) —
a a 2a 4o
Ans.: (c)
Solution: 1 e =g =0 =y = —
e 2a
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Q54. The Compton wavelength of a proton is................. fm. (up to two decimal places).

Ans.: 3x10°
Solution: (m, =1.67x107 kg,h=6.626x10"* Js,e =1.602x10"°C,c =3x10* ms™")

2

Q55. A one dimensional simple harmonic oscillator with Hamiltonian H =L -

1 .
kx* is

2m 2
subjected to a small perturbation, H, = ax+ fx’ +yx*. The first order correction to the

ground state energy is dependent on
(a) only p (b) @ and y (¢) a and f (d) only
Ans. : (d)

Solution: H, = ax+ Bx’ +yx*, E; :a<x>+ﬂ<x3>+y<x4>, <x>:O,<x3> :0,<x4>¢0

Q56. For the Hamiltonian H =aq,/ +b.G where a, eR,b is a real vector, I is the 2x2

identity matrix, and & are the Pauli matrices, the ground state energy is

(a) [p| (b) 24, ~|p| (c) a,—|p| (d) 4,
Ans. : (¢)
. > 1 0 0 1 0 —i 1 O ay+b, b,—ib,
Solution: a,l +b.c =a, +b, + g +b, = '
0 1 1 0 o 0 -1 b, +ib, a,—b,
o [ o a,+b, b —ib,
WIFOOE p vib, a,-b,

ay+b.—A b, —ib, j

(ag+b. = 4)(ag—b. = A)=(b +b;) =0

z

Ay =ay =[b|, 4 =y + ]

Q57. The degeneracy of the third energy level of a 3-dimensional isotropic quantum harmonic
oscillator is
(a) 6 (b) 12 (c) 8 (d) 10

Ans. : (a)
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Solution: First energy level is n =0
Second energy level is n =1
Third energy level is n =2

(n+1)(n+2) :3x4:
2

Degeneracy of third level 6

Q58. A free electron of energy lel is incident upon a one-dimensional finite potential step of
height 0.75eV . The probability of its reflection from the barrier is............. (up to two

decimal places).

Ans.: 0.11

2 2
, JE - JE-V, 1-40.25 1-0.5Y
Solution: R = = — =0.11
JVE +JE-V, 1++/0.25 1+0.5

Q59. Consider a one-dimensional potential well of width 3xam . Using the uncertainty principle

(Ax -Ap 2 gj, an estimate of the minimum depth of the well such that it has at least one

bound state for an electron is (m, =9.31x10~" kg, # =6.626x107*Js, e=1.602x107°C)

(a) 1ueV (b) 1meV (c) leV (d) 1MeV
Ans. : (b)
2
Solution: E=p—, Ap=l:>Ap=i
m 2Ax 2a
2
2 2 6.6x107*
So, E=—" > = h2 ~ = ( 31) —==.001x10"J ~ 1meV’
8ma 327 ma” 32x10x9.31x1077" x9x10~
Q60. The integral Jixze‘x2 dx is equal to........... (up to two decimal places).
0
Ans.: 0.44

Solution: The given integral is I e dx
0

Let x> =¢ then 2xa’x=dz‘:>dx=i

2t
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Thus, the given integral can be written as

jte" = I - l/zdt—l]?e_’t;l )
2

0
Hence the value of the integral up to two decimal places is 0.44 .

1

dt =—T 3
2

(_

2

Q61. Which one of the following operators is Hermitian?
2 2 2 2
(p)(x _x px) (p)(x +xpx)
a) i——+~ o) [ A
(a) 5 (b) 5
(c) '™ (d) e
Ans. :(a)

(P -xp,)

LN Y
22 2

1

N

4

Solution: 4=1i

2 2
GATE-2018
Q62. The ground state energy of a particle of mass m in an infinite potential well is E. It
Th
changes to £, (1+05><10_3 ), when there is a small potential pump of height V, = SomLE
m
and width @ = L/100, as shown in the figure. The value of « 1is (up to two
decimal places). l V(x) : !
X e
[ 1%
s.: 0.81
. L a L a L
Solution: o, =| ——— |, a, =| —+—= |, a=——
2 2 2 2 100

2%} 2
E=KJ(J%Jsm{%g}n

27X L . 2zx|”
=— I 1-c os— dx X——sin——
27 L |,

"

L

1
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%_ L(Sin27z(2LL+a) _27z(L—a)H

a——— —sin
27 2L

VO_ L L. a . a
=—|———|sin| r+— |-sin| 7 ——
L1100 27z L L

7| L+ L (0.0314+0.0314)
100 27

=V, x107(10+10)= E,x107° x(i—gj = aFE,x107° =0.81x E;x10

Hence, o =0.81

Q63. A two-state quantum system has energy eigenvalues + € corresponding to the normalized
. b, . 1
states |1//i>. At time ¢=0, the system is in quantum state $[|l//+>+|l//_>:| . The

probability that the system will be in the same state at =4/ (6 e) 1S (up to

two decimal places).

Ans. : 0.25

Solution: ‘1//(0)> = %Utﬂ) +w)]

And \W(t)>=%{ v.ye r +|l//_>eiﬂ

At t=-
6¢e

—ir ir

_1 e 9 |21y Ve T
) =gz|lvi)e F +lvle & |=—llwi)e +lw)e

Now, probability in same state
2 2 2
P:‘<V/(t)‘l'//(0)>‘ _ l‘e—iﬂ/3+ei7r/32:l 2005%

4

= — :lX =0.25

(wlw) 4

le
2
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Q64. An electric field E = E,z is applied to a Hydrogen atom in n =2 excited state. Ignoring

spin the n =2 state is fourfold degenerate, which in the

0),[1.1),[1,0)

applied electric field, which of the following matrix elements is nonzero?

> basis are given by

>. If H' is the interaction Hamiltonian corresponding to the

(@ (0,0|#10,0) ()(0.0]4L.1)
() (0.0[#]1,0) @(0. )
s.:(¢)

Q65. For a spin % particle, let ‘T> and ‘~L> denote its spin up and spin down states
respectively. If| (‘T>‘~L>+‘J«>‘T>) and |b (‘T>‘~L>—‘~L>‘T>) are composite
states of two such partlcles, which of the following statements 1s true for their total spin
S?
(a) S=1 for |a> and |b> is not an eigenstate of the operator S?
(b) |a> is not an eigenstate of the operator S? and S =0 for |b>
(c) S=0 for |a>, and S =1 for |b>
(d) S=1 for |a),and S=0 for |b)

s.:(d)
Solution: S =1 1is triplet |a>, and S =0 for singlet for |b>
Q66. The Hamiltonian for a quantum harmonic oscillator of mass m in three dimensions is
H= % +—mao’r’

where @ is the angular frequency. The expectation value of r* in the first excited state of
the oscillator in units of mia) (rounded off to one decimal place) is

Ans.: 2.5

Solution: (1) = () + (12 +(=?)
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- %[(21@( #1)+(2n, +1)+(2n, +1)

For first excited state n, =1,n, =0,n, =0

Hence it is triply degenerate one can take
n,=0,n,=1,n=0o0rn =0n,=0n =1

h h

putting any one combination, expectation value of r* = =——=2.5—
2 mw mao

0
l//2> = (J represent two possible states of a two-level quantum system.

1
Q67. Let |l//2> = (Oj ,
The state obtained by the incoherent superposition of |l//1> and |l//2> is given by a density
matrix that is defined as p=¢, |1//1><1//1 | +ig, |l//2><l//2 | .If ¢, =0.4 and ¢, =0.6, the matrix

element p,, (rounded off to one decimal place) is

Ans.: 0.6
Solution: p, , =<',V2|,0|l//2>=,0501 <W2|'//1><‘//1|‘//2>+cz <W2|W2><W2|W2>

=, =0.6

Q68. The wave function y (x) of a particle is as shown below

w(x)
A
i« d—» i« d >
-
K
v .
E<—a/2—>i<—a/2—>i

Here K is a constant, and a > d . The position uncertainty (Ax) of the particle is

a’ +3d’ 3a’ +d’ d’ d’
£ e b) .= % bt d) 2=
(a) B (b) B (c) s (d) )

Ans. : (b)
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Solution: y(x)=

855l

k* —+—+—+—}:1:>k:—

==
[\S]
|
NSNS
+
(SN
N—
|
|
NSNS
|
(SNIW
N—
|
+
bl
[\S)

2

[(-a+d)3-(-a-d)3+(a+d)3-(a_d)3}
:];—Z{(—cﬁ +d’ —3a2d+3ad2)+(a3 +d’ +3a2d+3ad2)+(a3 +d’ +3a2d+3ad2)
—{a3—d3—3ad(a—d)ﬂ
4d(d2+3a2) 3a? + d?
24x2d 12

<x2> = ];—Z[4a3 +12a2dJ =
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Ax:4/<x2>—<x>2 :,/#

Q69. Consider the motion of a particle along the x - axis in a potential V(x) =F |x| . Its ground

state energy E, is estimated using the uncertainty principle. Then E| is proportional to

(a) F1/3 (b) F1/2 (c) F2/5 (d) F2/3
Ans. : (d)
2 2 2
Solution: E = p—+F|x| E=L 1 Fxfor x>0 E=2 —Fx <0 from uncertainty theory
2m 2m 2m

Ax.Ap:h:Ap:£

2

A 2
£=B) pagm - A
2m 2m(Ax)
For minimum energy,
) 5 1/3 ) 2/3 2 1/3
dE - _ h +F=0= Ax= h_ h_(m_Fj +Fh_ :)EOCF2/3
A\ p(Ax) mE | 2m\ W’ mF

E 0
Q70. The Hamiltonian operator for a two-level quantum system is H :( 01 £ j If the state
2

of the system at =0 is given by ‘1//(0)> =L(1J then ‘<1,//(0)‘1,//(t)>‘2 at a later time ¢

J2 1
is
1 {E-E) 1 ~(E~E )t

(a) 5(1+€ (Ei—Ey) /h) (b) E(l_e (E-E,) /h)

(c) %(1+cos[El —E,]t/h) (d) %(l—cos[El ~E,]t/h)
Ans. : (¢)

- 1 (1 1 h

Solution: ‘W(O)>:—2(J ‘l//(t)>=—2 . £
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iE 1 iE,t|’
exp——"~ +exp—

Oy ()] =+

4

=%(1+COS[E1 —Ez]t/h)

Q71. Consider a potential barrier V(x) of the form:
Vix
A( ) V(X) =0
"
%4
x=0 x=a x=b X
where V is a constant. For particles of energy E <V incident on this barrier from the
left which of the following schematic diagrams best represents the probability density
‘t//(x)‘z as a function of x?
2 2
v () v ()
(a)

(b)
”

x=0 x=a x=b

=<V
4

¥=0 x=a x=b %
v () v ()
(©) A (d)
x=0%=a x=b X =0 x=a x=b x
Ans. : (a)

I ¢
Q72. The Hamiltonian of a system is H :[ J with ¢ <« 1. The fourth order contribution
6‘ p—

to the ground state energy of H is ye*

. The value of y (rounded off to three decimal
places) is

Ans. : 0.125

1
Solution: H = ( 1] the eigen value of the hamiltonion is E, = —VI1- &%, E, =+V1- &’
(C“ —
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2

The ground state is E, =—Vl-¢
2 4 2 4
Taylor expansion of —1—g* =— £ _f . S -
2 8 2 8
—1—0 125
4 g

Q73. Electrons with spin in the z - direction (2) are passed through a Stern-Gerlach (SG) set

up with the magnetic field at @ =60° from % . The fraction of electrons that will emerge

with their spin parallel to the magnetic field in the SG set up (rounded off to two decimal

0 1 0 —i 1 0
Jx = . O') = . 3 O-z =
1 0 ' N 0 -1
, cos 60° 1/2 _
Solution: |1//> = = state related to up state is

places) is

Ans. : 0.25

3:2)-12)(,)
sin60° | /372 o 0

The fraction of electrons that will emerge with their spin parallel to the magnetic field

‘<;(|1//>‘2 -~ % =0.25
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